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PREFACHE. 


In this little book I have endeavoured to expound, upon 
simple and rational principles, the rudiments of the scIENCE 
or AritHMETIC. With rules I have given reasons: and al- 
though the work is designed chiefly for schoolboys and young 
persons, yet, contrary to the usual practice, I have chosen to 
regard the learner less as an arithmetical machine than as an 
intellectual being. I venture to hope, that what I have here 
done may meet with some degree of countenance from School- 
masters and Teachers; and that it may also prove acceptable 
to the solitary and self-dependent student. This is not an un- 
reasonable hope: for, although so-called Treatises on Arithmetic 
are very numerous, the number of books really deserving of 
the appellation is but few. As I have reserved no room here 
for even the most summary analysis of the following pages, I 
must leave them to the candid examination of those who may 
be interested in the progress of this class of educational books. 
I trust no fault will be found with me for the familiar and 
colloquial form of exposition I have adopted: any attempt at 
elevation of style, in works of this kind, is wholly misplaced. 
I have imagined my own pupils before me; and I have 
addressed them as I was formerly in the habit of doing in 
oral instruction. My sole aim has been to be intelligible, 
and to invest the subject with what interest I could con- 
sistently with the preservation of scientific accuracy: but if 
there be ene part more than another, to which I would invite 
special attention, it is the oe of Decimals, towards the 
end of the book. . 


J.R. YOUNG. 
Lonpon, 18653. 


* A Key to the work is now published : besides solutions 
in “hu to all the Exercises, it will furnish some additional 
instructions for the otherwise unassisted learner. 
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ARITHMETIC. 


(1.) Tue marks used in Arithmetic are 
1, 2, 3 4 5, 6, 7, 8 9; 
which stand for one, two, three, four, five, six, seven, eight, 
nine.* 

These marks are called figures; and by help of these 
figures, and another mark, 0, to stand for nought, or nothing, 
any number may be written ‘down. 

The mark 0 or nought, may also be called a figure; so that 
there are ten different marks or figures used in Arithmetic. 

(2.) You must remember that a jigure is only one of these 
marks: when you see two or three or more of them written 
side by side, you see a number: thus, 24 is a number, of 
two figures; it stands for twenty-four; also 37 is a number 
of two figures; it stands for thirty-seven: and so on. 
Twenty-four means two tens and four; thirty-seven means 
three tens and seven. And in like manner forty-eight means 
four tens and eight; and this number, written in figures, is 48. 

You see then, that, in a number of two figures, the first, or 
left-hand figure, tells us how many tens there are in the 
number; and the second, or right-hand figure, tells us how 
many ones, or units there are in the number, besides the 
tens: one, you are to remember, 1s also called wnit, or unity. 

(3.) From what has now been said, you see that the word 
number does not mean the same thing as the word figure: 
there are only ten different figures, or single marks, but by 
joining two or more of these together, we may write down as 
many numbers as we please. The single figures themselves 
are also called numbers, as well as sets of two, three, or more 
figures: thus, 5, 7, 6, &c., are numbers of one figure each ; 
57, 75, 76, &c., are numbers of two figures; and 576, 756, 
&c., are numbers of three figures. The number 57 is fifty- 
seven, the number 75 is seventy-five, the number 76 is seventy- 


* Arithmetic may be defined as the science which teaches how to per- 
form computations by numbers. It would perhaps be of but little use to 
a beginner to give a formal definition of Arithmetic in the text. 

B 


2 ARITHMETIC. 


siz, and so on. The number 576 is five hundred and seventy- 
siz, the number 756 is seven hundred and fifty six; and in 
any number of three figures, the first figure on the left hand 
tells us how many hundreds there are in the number; the 
next figure tells us how many tens there are, besides the 
hundreds; and the last figure tells us how many units there 
are, besides the hundreds and tens: there may be no units 
after the hundreds and tens; if so, a noughé or 0, is put for 
the last figure: thus, jive hundred and seventy, would be 
written in this ways 570; and seven hundred and fifty, 
would be written 750. Should there be no tens after the 
hundreds, then, in the eame way, a 0 is put in the place of 
tens: thus, 506, means five hundred, no tens, and six units; 
that is, five hundred and siz; also, 605 means six hundred 
and five; and 600 means six hundred, without any tens or 
units besides. You see, therefore, that if you write down a 
single figure, you mean so many units; but if you put a 
nought to the right of it, you mean ten times as many, and 
if two noughts, one hundred times as many. 

4.) When a number has four figures, as, for instance, the 
number 3562, the first figure on the left hand tells us how 
many thousands there are in the number; the next figure, 
how many hundreds besides; the third figure, how many 
tens; and the fourth, or last figure, how many units besides ; 
so that the number just written is three thousand five hun- 
dred and sixty-two: if, instead of five hundreds, there had 
been no hundreds, the number would have been written 
3062; that is, three thousand and sixty-two. In like man- 
ner, 3502 18 three thousand five hundred and two; also, 
3002, is three thousand and two; and 3000, is three thou- 
sand only. 

(5.) From the explanations which have now been given, 
you see that when a figure stands by itself, that is, without 
any figures beside it, it stands for a certain number of units: 
thus, 6 stands for six units, or six ones; and that when a 
figure does not stand by itself, but at the right-hand end of 
a row of figures, it still stands for wnits: thus, the 6 in the 
number 346 is still six wnits; but the 6 in the number 562 
stands for ten times 6, or sixty; the 6 in the number 4637 
stands for ten times sixty, or six hundred; the 6 in the 
number 6253 stands for ten times six hundred, or six thou- 
sand. It is on this account that we say that the last figure 
of any number occupies the place of unites; the next figure, 
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on the left, the place of tens; the next, the place of hun- 
dreds; the next, the place of thousands ; and so on, as in 
the following Table, which is called the 


Numeration Table. 


“SMOT[[IUL 
‘sporzpuny to 
gud} 6 
esytan ~2 


“O29 


‘SUOL[]M Jo Spuvsnoyg} Jo sporpuny co 
*spuBsnoy} 


‘SUOL[[IUL JO SpuBsnoy} & 
‘sUOl][Iu JO spoipunq to 
‘SUOIT]IUL JO 810} &> 
‘gpuesnoy} Jo sporpuny » 
‘spuesnoy} JO sud} 9 


‘SUOT][IU JO SpuBsnoyy JO sue} ~ 


(6.) The number written above, which is a number of 
twelve figures, is therefore three hundred and seventy-five 
thousand two hundred and sixty-eight millions, four hundred 
and thirty-six thousand, two hundred and ninety-seven. If 
we were to put another figure before the first figure 3 above, 
we should have a number of thirteen figures, and the new 
figure would be in the place of billions ; another new figure 
put before this would be in the place of tens of billions, and 
soon. You should learn this table, by repeating the words, 
units, tens, hundreds, thousands, &c., till you can say them 
in order without looking at the book; and you must notice, 
that whichever of these you pronounce, the next you pro- 
nounce is always ten times i¢: thus, ten is ten times wntt ; 
a hundred is ten times ten; a thousand is ten times a hun- 
dred, and so on. 

(7.) Until you have learned the Numeration Table, you 
will not know the meaning of a large number written in 
figures. Suppose the number 465287 were shown to you; 
you could tell what it means only by knowing the Numera- 
tion Table. You would point to the 7 and say wnits, to the 
8 and say tens, to the 2 and say hundreds, to the 5 and say 
thousands, to the 6 and say tens of thousands, and to the 4 
and say hundreds of thousands ; and you would thus know 

B2 
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the number to be four hundred and sixty-five thousand, two 
hundred and eighty-seven. And in this way you are now 
required to write in words the following numbers : *— 


Exercises in Numeration. 


2763 35162 45280 

56106 82030 910257 

173004 6789523 3486025 
1142060 1110111 4362800 
64370253 99874062 35006200 
73892531 875062035 107926500 
7539336210 326972573971 415862314203 
730254062810 173004202604. 502130065080 





({8.) Write the following numbers in figures :— 
1. A mile contains one thousand seven hundred and sixty 


2. 


3. 


4, 


Ce 


Oo 


= 


oa 


ards. 

Tt has been found that there are more than five hundred 
and forty-six thousand persons in the world who are 
deaf and dumb. 

The expense of building London Bridge was two millions 
of pounds. 

The expense of the Britannia Tube, over the Menai 
Straits, was six hundred and twenty-one thousand 
eight hundred and sixty-five pounds. 


. The quantity of gold collected at California, in the year 


1850, is estimated at three hundred and twelve thou- 
sand five hundred ounces. 


. The money received by the London and North-western 


Railway for passengers and goods, during the first half 
of the year 1851, was one million one hundred and 
seventy-seven thousand five hundred and eighty pounds. 

The number of visitors to the Great Exhibition, on 
Tuesday, the 7th of October, 1851, was one hundred 

.and nine thousand nine hundred and fifteen. [This 
was the greatest number on any one day. | 

The money received by the Great Exhibition amounted 
altogether to five hundred and five thousand one hun- 
dred and seven pounds. 

In the month of September, 1851, there were one million 
one hundred and fifty-five thousand two hundred and 
forty visits paid to the Exhibition. 


* The answers to all the questions and exercises are placed at the end. _ 
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10. The greatest number of visits to the Exhibition in any 
one month was in July; the number in that month was 
one million three hundred and fourteen thousand one 
hundred and seventy-six. 

11. The total number of visits to the Exhibition, without 
counting the closing day and certain private days, was 
six million seven thousand nine hundred and forty- 
four.* : 

12. The number of people in Great Britain and the British 
Islands in 1851 was twenty million nine hundred and 
thirty-six thousand four hundred and sixty-eight. 

(9.) From these exercises you will see that the ten figures of arithmetic 
are sufficient for the purpose of expressing any number, however great; 
and that the reason why so few are enough, is, that each figure changes 
its meaning as its place ina number is changed. The value of a figure 
in any particular place is called its local value; thus, the local value of 
the 6 in 263 is sixty ; and the local value of the 2 is two hundred: the 
local value being always ¢en times what it would be if the figure were in 
the next place on the right. This ten-fold increase in the local value of a 
figure, when it is advanced one place from right to left, is the reason why 
our system of notation in arithmetic is called the decimal system.t 

It may be proper to mention here, that the figures 1, 2, 3, &c. are also 
called diyits ; and that 0, or nougAt, is also called cipher, or zero. 

(10.) It may also be further noticed, that when we have to express a 
very large number in words, it is convenient to separate the figures of it 
into periods of three figures each, by putting a comma before the last 
three figures, another comma before the next three, and so on: thus, the 
Jarge number by which I have illustrated the Numeration Table, when 
the figures are divided into periods, is 375,268,436,297. The advantage 
of this is, that as the leading figure of each period occupies the place of 
hundreds,—that is, of hundreds simply, or hundreds of thousands, or 
hundreds of millions, &c., the number is more readily put into words. 
In the tables published by order of Government, relating to revenue, 
population, &c., this plan is always adopted. 
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(11.) Tue rule for adding a set of numbers together, so as 
to find the swm of them all, is called the rule for ADDITION ; 
it is the first rule in Arithmetic, and is as follows :— 


* Including the six exceptional days; namely, the opening day, the 
two days at one pound, the two exhibitors’ days, and the closing day, the 
number in the 144 days was about 6,170,000. | 

t The learner may be here informed, that the particular marks or 
symbols used in any science,—as, for instance, the notes in music, and the 
characters or symbols 1, 2, 3, &c. in arithmetic,—constitute the notation 
of that science. 
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Ruz 1. Place the numbers to be added under one another, 
so that the wntte may all be in the first column on the right, 
the tens in the second column, the Aundreds in the third 
column, and so on. 

2. Add up the column of wntts; that is, find the sum of the 
units in this column; if this sum be a number of only one 
figure, put this figure down under the unit column; but if it 
be a number of more than one figure, it is not to be put down ; 
the dast figure of it only, that is, the figure in the units’ place, 
is to be put down, and the number expressed by the remain- 
ing figure or figures, after the one put down is rubbed out, 
is to be carrzed to the column of tens, and added up with that 
column. In like manner, put down the dast figure of the 
number which is the sum of this second column, and carry 
the number expressed by the remaining figures, when the one 
put down is rubbed out, to the next column, or column of 
hundreds, and so on till you reach the last column, the ehole 
amount of which is to be put down. 

For example: Suppose we have to add together 327 
the numbers 327, 241, and 58. ‘Then, writing the 241 
numbers under one another, so that the wits may 58 
all be in the first column on the right, the tens in —— 
the second column, and the hundreds in the third, 626 
as in the margin, we should proceed as follows :— 
8 and 1 are 9, and 7 are 16; therefore there are sixteen 
units in the first column, and as this number consists of two 
figures, 1 and 6, we put down only the 6, and carry the 1 to 
the next column, and say 1 and 5 are 6, and 4 are 10, and 2 
are 12; we therefore put down 2 and carry 1 to the next 
column, saying 1 and 2 are 3, and 3 are 6, which we put 
down, and thus find the sum of the numbers to be 626; that 
is, six hundred and twenty-six. 

Again: Suppose we have to add together the numbers 
7625, 3253, 1802, and 211. Writing the numbers 








under one another, as before, we say, 1 and 2 are 3, es 
and 8 are 6, and 5 are 11, 1 and carry 1; 1 and 1802 
1 are 2, and 5 are 7, and 2 are 9; this being a 211 
single figure, we put it down, and have nothing to 
carry to the next column; 2 and 8 are 10, and 2 12891 
are 12, and 6 are 18, 8 and carry 1; 1 and 1 are 


2, and 8 are 5, and 7 are 12; and having now 
reached the last column, the whole amount 12 is put down; 
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so that the sum of the numbers is 12891; that is, twelve 
thousand eight hundred and ninety-one. 

We shall go through the work of but one other example: 
Add together the numbers 57632, 804, 70300, 731, and 383. 
Writing the numbers in columns, as before, we 57632 
say, 3 and 1 are 4, and 4 are 8, and 2 are 10, 804 
0 and carry 1; 1 and 3 are 4, and 3 are 7, and 70300 
8 are 10, 0 and carry 1; 1 and 7 are 8, and 3 731 
are 11, and 8 are 19, and 6 are 25, 5 and carry 33 
2; 2 and 7 are 9; 7 and 5 are 12. So that 
the sum is, one hundred and twenty-nine thou- 129500 
sand five hundred. 

(12.) You will easily see that the work of these examples 
is right: thus, looking back to the first example, you see that 
the column of units amounts to 16 units; that is, to one ten 
and six wnits over; the one ten is carried, as it ought to be, 
to the column of tens, and only the six units put in the units’ 
place. The tens amount to 12 tens; that is, to ten tens, or 
one hundred, and two tens over; these two tens are therefore 
put in the tens’ place, and the one hundred carried to the 
column of hundreds; the sum of this column is found to be 
six; so that we have got the right number of hundreds, the 
right number of tens, and the right number of units, in the 
whole. And in the same way you may convince yourself 
that each of the other examples is correct, and that the rule 
must lead you to the true sum or amount in all cases. 

(13.) There is a way of proving whether the columns are added up 
without error, given in most books on arithmetic; but it would cause you 
more trouble than to do the work over again; you had better therefore 
make up your mind to perform the addition a second time, when you are 
not quite sure that there is no mistake : this second time you should com- 
mence at the fop of each column, and add downwards; thus, if you wish 
to try the correctness of example 2, above, begin at the fop of the units’ 


column, and say, 5 and 3 are 8, and 2 are 10, and | are 1], 1 and carry 
1; 1 and 2 are 3, and 5 are 8, and 1] are 9; and so on. 








Exercises in Addition. 


. Add together the numbers 342, 165, and 34. 

. Find the sum of 87, 273, and 49. 

Find the sum of 2860, 1723, 41, and 17. 

. Add together 5693, 482, 6297, and 13. 

. Add together 173841, 9203, 510, and 20061. 

. What is the sum of 35208, 62, 187, and 762070? 
. Add up 7407008, 169205, 4853, 79, and 382. 
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8. Add the following numbers together; namely, two thou- 
sand and four, seven thousand and thirty-five, one 
hundred and one thousand and nine, seventeen thou- 
sand and forty-eight, and two hundred and one. 

9. On the London and Birmingham Railway, the Primrose 
Hill tunnel is one thousand one hundred and twenty 
yards in length; the Weedon tunnel, four hundred and 
eighteen yards; the Kilsby tunnel, two thousand three 
hundred and ninety-eight yards. On the Great Western 
Railway, the Box tunnel is three thousand two hundred 
and twenty-seven yards. On the Manchester and Leeds 
Railway, the Littleborough tunnel is two thousand 
eight hundred and sixty-nine yards ; and the Merstham 
tunnel, on the London and Brighton Railway, is one 
thousand seven hundred and eighty yards. What is 
the sum of the lengths of these six tunnels ? 

10. By order of Government, all the people in this kingdom 
are counted every ten years; this counting is called 
taking a census of the population. In 1841 and 1851 
the numbers were found to be as follow :-— 

Census of 1841. Census of 1851. 
In England and Wales... 15911725 17922768 


Scotland ............... 2628957 2870784 

Islands in British Seas 124079 142916 
What was the amount of the population in 1841 and 
1851? 


11. The number of persons visiting the Great Exhibition of 
1851, during the last week, was as follows; namely, 


On Monday, Oct. 6 ace 107815 
Tuesday, Oct. 7 ...... 109915 
Wednesday, Oct. & ..... 109760 
Thursday, Oct. 9 ...... 90813 
Friday, Oct. 10 ...... 46913 
Saturday, Oct. 11 ...... 53061 

How many visits were made during the last week 
altogether ¢ 


12. Find how many days the Exhibition was open, and how 
many visits were paid to it altogether, from the fol- 
lowing statement :— 


Number of Days. Number af Persons. 
May 27 ae 734814 
June 25 w.csseeseeeees 1188114 


July Bs caiaactunacndis 1314176 
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August 26 ........008 gr 1028485 
September 26 ............06. 1155240 
October 13 ............05 808237 


13. The number of persons who emigrated from this king- 
dom,—that is, who left it to live in other countries,— 
in the years 1849 and 1850, was as follows; namely, 


In 1849. In 1850. 
From England 212124 persons; 214612 persons 
Scotland 17127 ,, 15154 ,, 
Ireland 70247 ~—y, 51083, 
What was the amount of emigration during these two 


years ¢ 

14. In the year ending on the 5th of January, 1851, there 
were 159 London newspapers, in which there appeared 
891650 advertisements, and 222 English country news- 
papers, in which 875631 advertisements appeared. 
There were also 110 Scotch newspapers, with 249141 
advertisements; and 102 Irish papers, with 236128 
advertisements. Find the total number of newspapers, 
and the total number of advertisements. 


(14.) Itis proper that you should now be told, that besides 
the marks or symbols used in arithmetic for numbers, some 
other marks are also used, instead of common words, for the 
operations of arithmetic. The operation you have just performed, 
in each of the foregoing examples, is the operation of addition. 
Now there is a mark or sign used for addition ; it is an up- 
right cross, thus +, placed between the figures or numbers to 
be added, and it is called the sign of addition, and is read 
plus; there is also a sign for the result of any operation, as 
for instance, for the sum or total of a set of numbers; it ig 
called the sign of equality, and is written thus =: whenever 
you see this sign, you are to understand that the words egual 
to are meant by it. By using these two signs, you may write 
down any example in addition, with the answer or result put 
against it, without employing any words: thus, taking the 
first example at page 6, you might write it so :— 

3827 + 241 + 58 = 626; 
and if you were asked to read this, you would say 327 plus 
241 plus 58, are equal to 626, or equals 626. 

In like manner, the second example, with the answer or 
result, would stand thus :— 

7625 + 3253 + 1802 + 211 = 12891; 
B38 
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and you yourself can now put the third, or any other ex- 
ample, in the same form, and can read it when you have done 
so. You must really attend to these signs of addition and of 
equality, because they will be often used hereafter. 


SUBTRACTION. 


(15.) We now come to the second rule of arithmetic, which 
is called the rule of Subtraction: it teaches us how to take, 
that is, to subtract, the smaller of two numbers from the 
greater, and so to find the difference or remainder. If both 
numbers are numbers of single figures only, you do not feel 
the want of a particular rude: if you are asked to find the 
difference between the number 8 and the number 5, that is, 
if you are asked to subtract 5 from 8, you can easily see that 
the difference or remainder must be 3; and you also know, 
that if 2 be subtracted from, that is, taken away from, 9, the 
remainder will be 7; that if 4 be subtracted from 6, the 
remainder will be 2; and so on: but if each be a number of 
several figures, you will want a rule to guide you to the 
correct remainder: this rule is as follows :— 

Rue 1. Write the smaller number under the greater, 
taking care, as in addition, to place units under units, tens 
under tens, hundreds under hundreds, &c. 

2. Then, beginning with the units, as in addition, subtract 
the lower figure from the upper: this you can easily do if the 
upper figure be the greater of the two; but if it be the dese, 
you must fancy 10 added to it, which is sure to make it 
greater, so that you can now subtract the lower figure, and 
put the remainder underneath. 

3. If you have increased the upper figure by 10, you must 
carry 1 to the neat figure to be subtracted; if this next 
figure, thus increased by 1, be greater than the figure above 
it, 10 must be added to the upper figure, as before ; and after 
the remainder is put down, 1 must be carried to the next 
figure; and so on. 

You see, therefore, that the method is to subtract the units 
of the lower or smaller number from the wniis of the upper, 
the tens from the tens, the hundreds from the hundreds, and 
so on, always adding 10 to the upper figure when it 18 less 
than the figure under it, and taking care, in such a case, to 
carry 1 to the next figure : it is only when 10 is thus added 
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to an upper figure that 1 is to be carried to the next lower 
one. The following examples will explain the operation :-— 

1. Subtract 625 from 6879. 

Placing the smaller number under the 6879 greater 
greater, as in the margin, we say, 5 from 625 less 
9, and 4 remain; 2 from 7, and 5 remain; —— 

6 from 8, and 2 remain; and as nothing 6254 remainder 
is taken from the upper figure 6, the 
complete remainder is 6254, or 6 thousand 2 hundred and 54. 

As in this example each of the lower figures is less than 
the figure above it, the subtraction is performed without 
adding 10 to any upper figure: in the next example such is 
not the case. 

2. Subtract 13758 from 23596. 

The numbers being written as before, we see 23596 
that the figure 6 in the units’ place of the upper 13758 
number is less than the figure 8 below it; we 
therefore fancy 10 to be added to the 6, making it 9838 
16, and say, 8 from 16, and 8 remain, carry 1; 
6 from 9, and 3 remain; 7 from 15, and 8 remain, carry 1 ; 
4 from 13, and 9 remain, carry 1; 2 from 2, and nothing 
remains; therefore the remainder is 9838. 

3. Subtract 3506285 from 72311075. 

Instead of repeating the word remain at 72311075 
every subtraction, it is better to proceed as fol- 3506285 
lows: 5 from 5, nought; 8 from 17, 9, carry 1; | §=—————— 
3 from 10, 7, carry 1; 7 from 11, 4, carry 1; 68804790 
1 from 1, nought ; 5 from 13, 8, carry 1; 4 from = ————— 
12, 8, carry 1; 1 from 7, 6. 

(16.) The truth of this rule for subtraction may be shown 
in a few words:—Adding 10 to any figure of a number is 
the same as adding 1 to the figure before it: thus, the num- 
ber 75, is 7 tens and 5; if I add 10 to the 5, I make it 7 
tens and 1 ten and 5, that is 85. Again; the number 623, 
is 6 hundreds, 2 tens, and 3; if I add 10 to the 2, I make it 
6 hundreds, 12 tens, and 8; or 6 hundreds, 10 tens (which is 
another hundred), 2 tens, and 3, that is 723, and so in 
other cases; so that adding 10 to a figure is, in fact, adding 
Isto the figure before it. The rule tells us, that whenever we 
add 10 to an upper figure, we must subtract an additional 
1 from the figure before it; therefor, the 1 that has been 
added to an upper figure, for convenience, is immediately 
afterwards taken away, so that all is brought right again, 
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I shall add two or three examples more, with the remain- 
ders put down for you to look over; and shall then give: 
some exercises in subtraction for you to find the remainders 


yourself. 
6803029 34510381 8057130600 
2516017 6232045 148112354 
4287012 28278336 7909018246 


(17.) You can prove whether the subtraction is correctly performed, 
by adding the remainder to the number which has been subtracted; the 
sum ought to be the top number: thus, taking the first of the three 
examples just given, you would say, 2 and 7 are 9; 1 and 1] are 2; 0 and 
0 are 0; 7 and 6 are 13, 3 and carry 1; 1 and 8 are 9, and 1 are 10, 
0 and carry 1; 1 and 2 are 3, and 5 are 8; 4 and 2 are 6. And asthe 
figures thus obtained are those of the top number, we conclude that the 
work is right. 


Exzvercises in Subtraction. 


. Subtract 375 from 846, and 1237 from 2865. 

. What is the difference between 36207 and 72098 ? 

. Take 7992 from 18097, and 300043 from 1001251. 

. Subtract seven thousand and fifty-three, from a hundred 
and eleven thousand and two. 

. Subtract thirteen thousand one hundred and seventeen, 
from twenty-two thousand and five. 

6. What is the difference between one million three hundred 
and two thousand and forty-two, and three million one 
hundred and eleven ? 

7. The three greatest generals in modern times—the Duke 
of Wellington, Napoleon Bonaparte, and Marshal 
Soult—were all born in the same year, 1769; the last 
died in November, 1851: how old was the Duke of 
Wellington then ? 

8. The population of Ireland in the year 1841 was 8175124, 
and in 1851 it was 6515794: find by how many 
people the population had decreased in these ten years.* 

9. The population of Ireland in the year 1821 was 6801827, 
and in the year 1831 it was 7767401: what was the 
increase in these ten years ? 

10. The population of Great Britain and its adjacent Islands 


Hm Gob) He 


Or 


* The learner should be required to state the numbers in these exer- 
cises in words; and to write his results both in figures and words: he 
may divide the figures into periods, as explained at page 5. 


11. 


12. 


13. 


14, 


16. 


17. 
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in the year 1841 was 18664761, and in 1851 it was 
20936468: find the increase in these ten years. 

The number of Season Tickets for the Great Exhibition, 
sold before the building was opened, was nineteen 
thousand five hundred and seven; of these, eight 
thousand six hundred and fifteen were Ladies’ Tickets: 
how many of them were Gentlemen’s Tickets ? 

The number of visits paid to the British Museum in the 
year 1850 was 1098863, and to Hampton Court 
Palace 221119: how many visits were paid to the 
former place more than to the latter ? 

The Gross Revenue of the Post Office* for the year 
ending on the Sth of January, 1851, was 2264684 
pounds, and the cost of management was 1460785 
pounds: what was the Net Revenue for the year ? 

The total number of passengers conveyed on the Railways 
of the United Kingdom in the half-year ending on the 
80th of June, 1850, was 31766503; and in the half- 
year ending on the 31st of December, 1850, the total 
number was 41087919: what was the increase in the 
number of passengers in the last half-year ? 


. The gross receipts of the London and Brighton Railway 


during the week ending Nov. 22, 1851, were, for 
Passengers, 6217 pounds; for Goods, 2135 pounds. 
The gross receipts for Passengers and Goods, during the 
corresponding weck of the preceding year, were 8149 
pounds: find how much the receipts had increased. 

The population of Great Britain and the neighbouring 
Islands in 1851 was 20936468; the population of 
England and Wales alone was 17922768, and the 
population of the British Islands alone was 142916: 
what was the population of Scotland ? 

The salaries paid to the officers employed by the Custom- 
Tfouse in 1849 were as follows: salaries in England, 
550236 pounds; salaries in Scotland, 62115 pounds; 
salaries in Ireland, 57903 pounds. The amount of 
Custom-IIouse duty, collected in that year, was 
22481339 pounds: what was the net amount received 
after these salaries were paid ? 


* By revenue of the Post Office is meant income of the Post Office; 
and gross revenue, or gross receipts, means the money received before the 
expenses of management are subtracted; when these expenses are taken 
from the gross income, the remainder is called the neé income.—See 
Exercise 17. 
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18. In the year 1849 there were 578159 children born in 
England and Wales; of these 295158 were males. In 
the same year 440853 persons died ; of these 221801 
were males ; you are required to find how many females 
were born in 1849, and how many died. 

19. What is the difference between 365 + 2041 + 109, and 
75380 + 1623 + 87 + 3406? 

20. What is the difference between 112104 + 3820 + 3268, 
and 2389 + 103403 + 13400 ? 

21. Find the difference between 462873 + 5962 + 304 + 
19871, and 17385 + 902603 + 72 4+ 139. 


(18.) The last three exercises bring into use the sign of 
addition, explained at page 9. There is also a sign of 
subtraction, which it is equally necessary that you should 
remember ; it is the little mark —. This sign, placed before 
a number, means that the number is to be subtracted. By 
using this sign, which is called minus, we may express an 
example in subtraction without words, the sign of equality, 
=, being placed before the remainder: thus, the first ex- 
ample, page 11, may be written 6879—625 = 6254; the 
second example may be written 23596 —13758 = 9838; the 
third may be written 72311075—3506285 = 68804790; 
and so of the other examples. If you were asked to read the 
first of these, you would say, 6879 minus 625, equals 6254: 
you can from this read the others without any help; and I 
dare say you could even read the following, namely, 

24 + 36—17—41 + 18—11—2 = 2; 
but in case you should be puzzled, I will read it for you: it 
is 24 plus 36 minus 17 minus 41 plus 13 minus 11 minus 
2, equals 2; the meaning of which is, that if from the sum of 
24, 36, and 13, the swm of 17, 41, 11, and 2, be subtracted, 
the remainder will be 2. 


MULTIPLICATION. 


(19.) We now come to the third rule in Arithmetic,—the 
rule for multiplication,—which teaches us how to find the 
sum of a set of egual numbers without our taking the trouble 
to put them all down, and add them together, as in addition. 
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If we have to find the sum of two equal numbers, we put 
down only one of those numbers, and multiply it by 2, 
according to the rule to be given presently; if we have to 
find the sum of three equal numbers, we put down one of 
them, and multiply by 3; and in like manner if we have to 
find the sum of eight, or nine, &c., equal numbers, we mul- 
tiply one of them by 8, or 9, &c. In this manner we dis- 
cover the sum required very soon. 

The number we multiply another number by is called the 
multiplier; and the other number the multiplicand: the 
result of the operation, and which in addition would be called 
the swum, is here called the product. 

Whatever be the multiplicand, and whatever be the mul- 
tiplicr, the operation could be described in a single rule; but 
it will be easier for you if I divide the general rule into two 
particular rules: I shall therefore do this; but before you can 
use either rule, you must learn the Multiplication Table, 
which I here give. This table you must repeat in this way: 
—Twice 1 are 2; twice 2 are 4; twice 3 are 6, &c. Three 
times 1 are 3; threc times 2 are 6; three times 3 are 9, &c. 
Four times 1 are 4; four times 2 are 8; four times 3 are 12, 
&g. &c. When you say twice any number, you are said to 
multiply that number by 2; when you say 3 times, you are 
said to multiply by 3, and so on; and the number that results 
is the product: thus, when you say 4 times 6 are 24, the 
multiplier is 4, the multiplicand is 6, and the product is 24. 
You must remember this. When you say 4 times 8 are 382, 
if you were asked what is the multiplier, what is the 
multiplicand, and what is the product,—what would you 
answer ¢ * 


* The learner may, if he please, commit to memory, at first, only a 
part of the table on the next page, and may select from the exercises that 
follow, such of them as require only those multipliers within the range of 
his knowledge of the table. After some practice in these, another por- 
tion of the table may be learnt. Simple as the Multiplication Table 
appears to the arithmetician, it should be regarded by every teacher as a 
thing of no small labour and difficulty to a mere beginner. 
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(20.) You can easily satisfy yourself of the truth, and also of the use 
of this table, by taking out of it any multiplicand, and any multiplier, — 
by writing down the multiplicand as often as there are units in the mul- 
tiplier, and then adding all these equal numbers together. You will find 
that the sum of them is always equal to the product put down in the 
table. Thus, the table tells us that 6 times 7 are 42; and we find, by 
addition, that siz 7’s are 42: thus, 

7+ 74+74+7474+7= 42. 
In like manner, we are told by the table that 5 times 8 are 40; and we 
know, by addition, that 
8+8+4+8+8+4+8= 40; 


and so in every other case in which the equal numbers are each not 
greater than 12, and not more than twelve of them are to be added to- 
gether. When any multiplicand ig greater than 12, and the multiplier 
not greater than 12, the table will still help us to the product by aid of 
the first of the two rules I promised ; which is as follows :— 


1. When the Multipler is not greater than 12. 


Rute 1. Place the multiplier under the multiplicand, uniis 
under wats. 

2. Then, commencing at the units-figure of the multipli- 
cand, multiply each figure, in succession, by the multiplier, 
and put the product under that figure, taking notice, how- 
ever, that whenever any of these products is a number of 
two or three figures, the right-hand fiyure only is to be put 
down, and the rest carried to the next product, as in addition. 

Ex. 1. Multiply 2683 by 2. 

Having placed the 2 under the 3, asin the mar- 2688 
gin, I say, twice 3 are 6; twice 8 are 16, 6 and 2 
carry 1; twice 6 are 12, and 1 carried are 13, 3 
and carry 1; twice 2 are 4, and 1 carried are 5. 5366 
Therefore the product is 5366. 

2. Multiply 728365 by 3. 
3 times 5 are 15, 5 and carry 1; 3 times 6 are 728365 
18, and 1 are 19, 9 and carry 1; 3 times 3 are 9, 3 
and 1 are 10, 0 and carry 1; 3 times 8 are 24, 
and 1 are 25, 5 and carry 2; 3 times 2 are 6, 2185095 
and 2 are 8; 8 times 7 are 21. Therefore the -———_— 
product is 2185095. 

3. Multiply 276023 by 8. 

8 times 8 are 24, 4 and carry 2; 8 times 2 are 276028 
16, and 2 are 18, 8 and carry 1; 8 times 0 are 8 
0, and J are 1; 8 times 6 are 48, 8 and carry 4; ————. 
8 times 7 are 56, and 4 are 60, O and carry 6; 2208184 
8 times 2 are 16, and 6 are 22, Therefore the 
product is 2208184. 














18 ARITHMETIC. 


I shall now insert two or three examples like these for you 
to look over, and shall then prove the work of them to be 
correct by actual addition. 





462508 7841902 37582431 

4 6 9 
18500382 47051412 338241879 
462508 7841902 37582431 
462508 | 7841902 37582431 
462508 7841902 37582431 
462508 7841902 37582431 
——— 7841902 37582431 
1850032 7841902 37582431 
—_—__——— —_ 37582431 
47051412 37582431 

—_——_—— 37582431 

338241879 


(21.) You thus see the great advantage of the above rule for multi- 
plication, and how many figures and how much trouble are saved by it; 
you will observe that, throughout, the figures carried in the additions, 
from column to column, are the very same as the figures carried, from 
product to product, in the multiplications ; and I think that nothing more 
need be said in the way of explaining and proving the rule. 


(22.) I shall only remind you, that whenever you have to multiply a 
number by 10, all you will have to do is, to put a 0 to the number on the 
right; thus, 10 times 324 is 3240; 10 times 5237 is 52370, and so on. 
I say I have only to remind you of this, for you already know, from the 
Numeration Table, that by putting a 0 to a number, you push the units- 
figure of that number into the place of zens; the tens-figure into the 
place of hundreds, and so on: that is, every figure of the number is made 
ten times as great. And it is equally plain, that by putting ¢wo 0’s, you 
multiply the number by 100; that by putting ¢hree 0’s, you multiply by 
1000, and so on. 


Exercises. 
1. Multiply 342 by 3. 2. Multiply 4761 by 4. 
3. Multiply 7065 by 5. 4. Multiply 80724 by 6. 
5. Mult. 1139509 by 7. 6. Mult. 273 by 12. 
7. Mult. 75200564 by 8. 8. Mult. 9264073128 by 11. 
9. Multiply 650098203470 by 12. 


10. Before the opening of the Great Exhibition, 8615 
Ladies’ Tickets, at two guineas each, were sold; and 
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10892 Gentlemen’s Tickets, at three guineas each: 
how many guineas were received for all these tickets ? 

11. The average number of daily visits to the Exhibition, 
that is, the number of visits, one day with another, for 
the last six days, was 89319: what was the total 
number of visits in the week ? 

12. The emigration from Ireland to the United States of 
America is at present (1851), on the average, more 
than a thousand persons a day: if the number of 
emigrants were exactly a thousand a day, how many 
persons would leave Ireland in a year or 365 days? 

13. The greatest number of visitors to the Exhibition, on a 
five-shilling day, was 44512; this was on May 24th, 
1851: the smallest number, on a five-shilling day, was 
9327, on July 19th: how many shillings were received 
on both these days together ? 

14. Sound is borne to our ears by waves of air, produced by 
the sounding body. It moves at the rate of 1125 feet in 
a second; but light moves at the rate of about 192500 
miles in a second; so that from the distance of a few 
miles, light may be said to reach the eye at the instant 
it appears: suppose then, Ist, that you observe a man 
breaking stones on a road, and that two seconds after 
seeing the fall of the hammer, you hear the blow: how 
many feet is he off? And 2nd, suppose that seven 
seconds after you seg the flash of a cannon you hear 
the report: how inany feet off is the gun ? 

15. Eleven seconds after a flasb of lightning is seen the 
thunder is heard: how many feet off is the thunder- 
cloud ? 


You see, therefore, that the more quickly the thunder follows 
the lightning, the nearer the cloud is, and therefore the greater 
the danger. You may calculate the distance pretty nearly by 
counting the beats of your pulse, allowing 1000 feet of distance 
for the time between every two beats; for this time is in general 
a little less than a second. In a healthy person the pulse beats 
about 70 times in a minute. 


16. In the week ending February 21, 1851, the number 
of Letters, sent through the Post-Office, was seven 
million two hundred and thirty-nine thousand nine 
hundred and sixty-two: at this rate, how many Letters 
are sent in twelve weeks ? 





(28.) The sign for multiplication is a cross of this form, x, 
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placed between the two numbers to be multiplied together: 
thus, 4x6, means 4 multiplied by 6, or 6 multiplied by 4; 
you may say whichever you please, as the product is the 
same, namely 24; that is, 4x6 = 24. In like manner, 
7x9=63, and 7x 9x2=126. The numbers which, 
multiplied together, produce another number, are called 
factors of that other number: thus, 3 and 4 are factors of 
12; so are 6 and 2; and so are 2, 2, and 3. There are some 
numbers, such, for instance, as the number 13, that cannot 
be produced from factors: it is true that 13x 1 = 13; but 1 
is not considered to be a factor. Numbers of the kind now 
spoken of are called prime numbers; and all others, that is, 
all numbers that can be produced from factors, are called 
composite numbers: thus, 9, 12, 14, 16, &c., are composite 
numbers; but 7, 11, 13, 17, &c., are prime numbers. The 
products in the multiplication table are, of course, all com- 
posite numbers ; indeed, you see that every product must be a 
composite number. 


(24.) I need scarcely tell you, that what is here said of 
the two kinds of numbers, applies to zohole numbers only ; 
not to halves, quarters, &c.: three and a half, multiplied by 
2, will produce 7; but 7 is not a composite number on this 
account, because three and a half is not a whole number; a 
whole number is also called an integer; the numbers used 
hitherto in this book are all integers; there are no fractions, 
as halves, quarters, &c., are called. 


2. When the Multiplier is greater than 12. 


Rute 1. Place the multiplier under the multiplicand, 
units under units, tens under tens, and so on. 


2. Begin by multiplying by the wnits-figure of the mul- 
tiplier, and you will get a row of figures, as in the former 
case; then, multiply, in like manner, by the tens-figure, 
taking care to put the first figure you get under that tens- 
figure, and you will thus have a second row of figures; then, 
multiply by the third, or hundreds-figure, of the multiplier, 
taking care, as before, to put the first figure you get in the 
new row, under that third figure: and proceed in this way 
till you have multiplied by every figure of the multiplier. 

3. Add up all the rows of figures, and you will get the 
product. 


For example: suppose you have to multiply 658 by 48. 
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Placing the multiplier 43 under the multiplicand, 658 
as in the margin, you would first multiply by the 43 
3, and say, 3 times 8 are 24, 4 and carry 2; 3 
times 5 are 15, and 2 are 17, 7 and carry 1; 3 1974 
times 6 are 18, and 1 are 19. The first row is 2682 
now completed. 

You would then multiply by the 4, and say, 4 28294 
times 8 are 32, 2 and carry 3, and you would be 
careful to put the 2 under the figure you are mul- 658 
tiplying by, that is, under the 4; 4 times 5 are 20, 943 
and 3 are 23, 3 and carry 2; 4 times 6 are 24, 
and 2 are 26. The second row is now com- aaah 

; 1974 
pleted; and as there are no more figures in the 2639 
multiplier, you would draw a line under the two 

















rows, and add them up: you would thus find the rong 
product of the two factors, 658 and 43, to be 159894 
28294. If, after having multiplied by the 3 and 

the 4, there had been still another figure in the 
multiplier, you would have had a third row of 378024 
figures to add up: thus, if the multiplier had 5346 


been 248, the work would have been as here ———— 
shown: so that 658x243 = 159894. The 2268144 
next example in the margin is one in which 1512096 
the multiplier has four figures: you should 1134072 
look over the work ; but you cannot want any 1890120 
explanation of it, after what has already been —————— 
said. Below are three examples, similar to 2020916304 
these in the margin, for you te work yourself. ——-———— 

1. 764x 35. 2. 764 x 356. 3. 242635 xX 3456. 

(25.) I have put these three examples here, rather than 
among the exercises at page 24, because I think it better 
that you should have a little practice in the Rule, before I 
show you how you may shorten the work in certain cases, 
I mean in those cases where noughts or ciphers occur in the 
multiplier or at the end of the multiplicand. 

1. If ciphers occur at the end of the mul- 3264 
tiplier, and you were to proceed exactly as the 2300 
rule tells you, you would get so many rows of 
ciphers: now you avoid the trouble of writing 979200 
down these rows, by departing so far from the 6528 
rule, as to push the ciphers as many places ————— 
to the right hand. Thus, suppose you had to 7507200 
multiply 83264 by 2300: then, pushing the two 
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noughts, or zeros, two places to the right, you get the pro- 
duct by multiplying as in the margin; the two noughts being 
brought down before you begin. 

2. If ciphers occur at the end of the mul- 372000 
tiplicand, you push them to the right in the 36 
same way: thus, in multiplying 372000 by 36, —_———_—— 
you work as in the margin, bringing down the 2232000 
three noughts before you begin. When both 1116 
factors end in noughts, you bring down ail the eee 
noughts before you begin to multiply, as in the 13392000 
second example in the margin, where the two —-——~ 
factors, or numbers to be multiplied together, 
are 283000 and 470. 283000 

You plainly see, in each of these cases, that 470 
the noughts brought down before you begin ————— 
the multiplication, may be left where they are 19810000 
till after you have done it, and may then be 1182 
brought down to complete the product; but if ———__—— 
you did not bring them down at first, it might 183010000 
happen that you might forget them: you can —————_—— 
leave them till the last if you like. 


3. If a cipher occur in the multiplier, any- 2473 
where except at the end, it is to be neglected 3502 
altogether ; for it could only give you a row of —— 
noughts, to be added to other figures, and the 4946 
adding of noughts 1s useless. Thus, if we mul- 0000 


tiply 2473 by 3502, as in the margin, we put 12365 
down a row of noughts, which has no effect 7419 

upon the sum of the rows. The multiplier —_—— 
nought should therefore have been passed over. 8660446 
Remember, however, that whether you pass ————— 
over noughts or not, the first figure, on the right, in each 
row, must be directly under the multiplying-figure that pro- 
duces that row. If the row of noughts had been omitted in 
the last example, the 5, in the row 12365, must still have 
been placed under the multiplying-figure 5, in the mul- 
tiphier 3502. 

(26.) It only remains for me now to prove to you the 
truth of the rule for multiplication. For this purpose, let us 
refer to one of the preceding examples; the second example, 
for instance, at page 21, and let us examine what has actually 
been done in-the working of it by the rule. The example is 
to multiply 658 by 243. Now 243 is 200, 40, and 3; 80 
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that if we multiply 658, first by 200, then by 40, then by 3, 
and add up the three products, it is plain that we shall get 
the complete product required. The three partial products, 
that is, the products that are only parts of the whole pro- 
duct, are 

658 x 200 = 131600 

658x 40= 26320 the partial products. 

658x 38= 1974 





See (22), p. 18. 159894 the complete product. 





By comparing this with the work at page 21, you see that 
when the noughts are rubbed out, the partial products aro 
the same in both cases, the only difference being, that there 
the least of these products is written down first, and the 
greatest last, while here the greatest stands first, and the 
least last. Let us take the next example, where the mul- 
tiplier is 5846; that is, 5000, 300, 40, and 6; and let us 
here multiply by the smallest number first, namely by 6, 
then by 40, then by 300, and lastly by the largest number, 
5000. 


378024X%6 = 2268144 
878024x40 = 151209604 a 
378024x300 = 113407200 (? P 


378024 x 5000 = 1890120000 
See (22), p. 18. 2020916304 complete product. 


(27.) You thus see that the first row of figures found by 
the Rule, is the product given by multiplying by the units 
of the multiplier; the next row is the product given by mul- 
tiplying by the tens of the multiplier, the nought on the right 
being omitted; the next row is the product given by mul- 
tiplying by the hundreds, the two noughts being omitted, 
and soon. And you see that by leaving out these noughts 
at the end of the partial products, no error can be introduced 
into the ¢omplete product, which remains the same, whether 
the noughts be removed or not. It is plain that such is the 
principle of the rule, whatever be the multiplier. 

_ (28.) There is a method of trying whether the product of two numbers 
Is correctly brought out which ought to be shown to the learner, though 
the treth of it cannot be satisfactorily proved without the help of algebra : 
it is called the method of casting out the 9's, and depends on a property 
belonging to all numbers, namely, that if any number be divided by 9, 
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the remainder will be the same as that which arises from dividing the 
sum of all the digits or figures by 9; thus, the number 3264 divided by 
9, leaves 6 for remainder ; and the sum of the digits, namely 15, divided 
by 9, leaves also 6 for remainder. The method alluded to is thus ex- 
pressed :— 

Add up the digits of the multiplicand, rejecting every 9 that occurs 
among them; and in adding together the other figures, one after another, 
reject 9 every time this addition gives a number not less than 9. Do the 
same with the figures of the multiplier; and then multiply together the 
final results thus obtained; cast out the 9’s from the product, and note 
what is left. Proceed in the same way with the digits of the answer, or 
product, and if the result here obtained differ from that before noted, the 
work is wrong; if it agree with it, the work is most likely correct. 

This is the same as actually dividing multiplicand and multiplier by 9, 
preserving the remainder left from each, then dividing the product of 
these remainders by 9, and noting the remainder left; which last re- 
mainder cannot differ from that left by dividing the product by 9, if the 
work be right. And by using any other divisor in this way, the same 
conclusion follows; if the work be so tried with the two divisors, 9 and 
11, which are the most convenient, it is very unlikely indeed that it can 
be wrong, if it stand both tests.* The reason why 9 is chosen is on 
account of the above-mentioned property of the sum of the digits of a 
number. Let us apply this property to the work of Ex. 3, page 22. 

Multiplicand 2473, rem. after rejecting 9s, i be o be multiplied. 


Multiplier 3502, sy ae 
7 rem. after rejecting 9 
Product 8660446, _ ,, es 
The work may therefore be considered as correct. 
Hixercises. 

1. 463 x 247. 2. 789 x 674. 3. 2345 x 896. 
4, 67082 x 7034. 5. 820605831. 6. 34728 x 65900. 
7. 807900 x 64300. 8. 250978 x 64007. 
9. 76830450 x 2001650. 10. 3456789 x 9876543. 


11. 372 x 583 x 261. 

12. At midnight, on the 12th of August, 1830, a whirlwind, 
or hurricane, visited the West Indies, and passed on to 
America, at the rate of 18 miles an hour; it travelled 
onwards for about 168 hours: how many miles did it 
go in this time ? t 


* The higher any divisor be, the greater the faith to be placed in the 
test, because the less is the likelihood that a false product will give the 
game remainder as the true one, on account of the wider range of possible 
remainders. If the divisor be 2, the remainder from a false product is as 
likely to be the correct remainder as not. 

+ This onward course of the storm, combined with the velocity of its 
rotation, gave it a motion of about 100 miles an hour.—See Rudimentary 
Navigation, p. 65. 
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13. The total number of passengers carried by the railways 

| of the United Kingdom in the year 1847 was 47484134 ; 
the average distance travelled by each was 16 miles ; 
how many miles were travelled altogether ? 

14. Light passes from the sun to the earth in about 493 
seconds ; find from this the distance of the sun. (See 
Exercise 14, page 19.) 

15. The total number of passengers carried by the railways 
of the United Kingdom in the first half of the year 
1850, was 31766503, and in the second half, 41087919 ; 
the average distance travelled by each person was 17 
miles; how many miles were travelled altogether in 
the year 1850 ? * 

16. The greatest number of whales ever captured in the 
northern seas in one season was 3018, taken in the 
year 1823. Estimating the oil produced from each 
whale to have been worth 212 pounds, what was the 
value of all the oil produced ? 

17. The length of the building in which the Great Exhibition 
was held, is 1851 fect, corresponding to the date of the 
year; upwards of 5000 articles were dropped in it by 
visitors ; of these about 1851 were afterwards recovered 
by application to the police; among the lost articles 
were 271 pocket-handkerchiefs. If the number of 
handkerchiefs be multiplied by the nwmber which ex- 
presses the date of the year, the product will be nearly 
equal to the number of pounds received, as stated at 
page 4: find the difference between that number and 
the product. 

18. The gross earnings of the London and North-Western 
Railway for the first half-year of 1851, for passengers and 
goods, were at the rate of 2273 pounds for every mile ; 
the whole distance travelled up and down was 518 
miles: what was the total amount of earnings for the 
half-year ; and as the expenditure was 735257 pounds, 
what were the net earnings ? 

It is scarcely necessary that I should tell you, that when your 


multiplier is a composite number, you may if you please multiply 
by the factors which compose it, one after another, instead of 





* It has been found that, for the last few years, the average length of 
each passenger’s trip, year after year, is, within a trifle, uniformly 17 
miles; and that the average payment for each trip is always, within a 
trifle, 2s. 


€ 
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multiplying by the number itself: thus, instead of multiplying by 
72, you may multiply first by 12 and then by 6, because 12 x 6 
=72; and instead of multiplying by 126, you may multiply by 
7, 6, and 3, because 7 x 6 x 3=126; but, in general, little if any- 
thing is gained by this; and it is often troublesome to discover 
what the factors of a high number really are. 


DIVISION. 


(29.) Tue rule for Division teaches us the way of finding 
how many times the smaller of two numbers is contained in 
the greater. We might do this by repeated subtractions of 
the smaller number ; that is, by subtracting it from the greater 
number, then subtracting it from the remainder, then again 
from the second remainder, and so on, till we could subtract 
no longer; the number of times we had subtracted would be 
the number of times which the greater number contains the 
smaller. But this would often be very tedious, and the 
trouble is saved by the rule I am about to give; for, just as 
Multiplication is a short way of finding the result of repeated 
additions of tle same number, so Division is a short way of 
finding the result of repeated subtractions of the same num- 
ber.* You remember, that in Multiplication you called the 
two numbers you were working with multiplicand and mul- 
tiplier ; in Division you call the two numbers dividend and. 
divisor ; and the number of times that the dividend contains 
the divisor is called the quotient. 


(30.) 1. When the Divisor is not greater than 12. 


Rv eE 1. Put the divisor to the left of the dividend, with 
a mark of separation between the two. 

2. By help of the multiplication table, find how many 
times the divisor is contained in the first figure of the divi- 
dend, or in the number expressed by the first two figures, if 
the first figure alone be smaller than the divisor, and write 
the quotient underneath, taking care to observe whats 18 over ; 
for the divisor may be contained a certain number of times 
in the leading figures, and leave something over. 

8. Now go to the next figure of the dividend, and fancy 


* In strictness, Division is this, and something more; the ends accom- 
plished by Division will be more fully seen when Compound Division is 
explained. 
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what was over to be prefixed to it ; find how many times the 
divisor is contained in the number you thus get, and carry 
what is over to the newt figure of the dividend, as before, and 
proceed in this way up to the last figure of the dividend. 

An example or two will make this rule plain: thus, sup- 
pose I had to divide the number 3456 by 4. Then 
having placed the dividend 3456, and the divisor 4, 4)3456 
as directed, I should see at once that 4 cannot be 
contained in the first figure 3; so I should say 4 in 864 
34, 8 times and 2 over; then, fancying the 2 to be 
put before the 5, I should say 4 in 25, 6 times and 1 over; 
and putting this 1 before the 6, I should say 4 in 16, 4 times: 
therefore the quotient is 864; that is to say, 4 is contained 
exactly 864 times in 3456. Only consider how many sub- 
tractions we should have to perform here, if it were not for 
this rule of Division! 

Asa second example, suppose we had to divide 835465 by 
6. We should proceed thus: 6 in 8 once 
and 2 over; 6 in 23, 3 times and 5 over; 6 6)835465 
in 55, 9 times and 1 over; 6 in 14, twice 
and 2 over; 6 in 26, 4 times and two over; 139244...] 
6 in 25, 4 times and 1 over. Therefore, 6 is 
contained in 835465, 139244 times, and there is 1 to spare. 
I must say a word or two about this remaznder. 

When you divide a number by 6, the quotient that you 
get is the swzth part of that number; the quotient tells you 
not only how many sixes there are in the number, but at the 
same time what is the sixth part of that number: thus, if you 
find that there are eight sixes in a number, then you know that 
8 is the sixth part of it; or that there are six eights in it. 
There are 8 sixes in 48; so there are 6 eights in 48: that is, 
8 is the sixth part of 48. In like manner, if you divide by 
4, the quotient tells you how many jours there are in the 
dividend, or what is the fourth part of it; and so of any other 
divisor. All this must be plain. When you say there are 
3 tens in a number, you mean that 10 times 3 make that 
number; but 10 times 3 are the same as 3 times 10, namely, 
30; so that if there are 3 ¢ens in the number, there must be 
10 threes in it, and go on. 

The quotient in the example above, namely, 139244, is the 
exact sixth part only of 835464, so that of the 1 over no 
sixth part has been taken; consequently, the true sixth part 
of 835465 is 139244 and one-siath, that is, a sixth part of 1. 

C2 
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Such a part of 1 is written thus, 4, and is read one-sixth ; 80 
that the complete quotient in the above example is 1392444. 
Suppose the number 835465 were so many shillings to be 
equally divided among six persons; then the sixth part, 
namely 1392444, would of course be the number of shillings 
due to each; and as a sixth part of 1 shilling is twopence, 
the share of each person would be 139244 shillings and two- 
pence. You see if you were to take no notice of the re- 
mainder, you would wrong each of these six persons out of 
twopence. Always therefore take account of the remainder, 
and write it, as here, with the divisor below it, and a little 
line. 

If it were required to divide 46539 by 7, then 7)46539 
taking account of the remainder, which is 3, the 
quotient, or true seventh part, would be 664832. 66483 
If these were shillings, as before, the share of 
each of the seven persons would be, 6648 shillings and a 
seventh part of 3 shillings. Three shillings is 36 pence, and 
a seventh part is therefore 5 pence and a penny over. There 
is no coin so small as the seventh part of a penny, so that if 
the persons are very particular, they must buy something 
with this penny, and divide that among themselves; but I 
dare say they would prefer to give it to you for working the 
example. 

You will now, I think, be able to understand the work of 
the following examples, and to do the exercises on the next 
page yourself. 


8)538641 9)725432 11)340261 12)1046285 








67330} 806035 30932-% 87190-5; 


Note 1. The sign for division is +, meaning divided by ; 
it is placed after the dividend, and before the divisor: thus, 
12+3 means 12 divided by 8; so that 12+-38=4; 24+8=3, 
&c. But division is otherwise represented by writing the 
divisor below the dividend with a little live between them, 

12 24 
thus, - 4; ; = 3, &c. 

Nore 2. If you divide any number by 10, the quotient 
will be the very same as the number itself, omitting the last 
Jigure, which last figure will be the remainder, as you can 
easily see. Hence you may always write down the quo- 
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tient at once without any work: thus, 627+10=62,,; 
743 3529 

= 352,% ; and so on: 75, 335, 3% 4 &c., 


To Fe} To 

are called fractions ; they are read seven-tenths, three-tenths, 
nine-tenths, two-fifths, &c. The arithmetic of fractions will 
be fully explained hereafter.* 








Exercises. 

1. Divide 3724 by 5. 2. Divide 72081 by 6. 
8. Divide 109234 by 7. 4. Divide 2006383 by 8. 
5. Divide 52094100 by 9. 6. Divide 113880625 by FE, 
7. Divide 10792039 by 12. 
8. What is the value of 265837 ~ 4? 
9. What is — equal to ? 

384205 , 18638 


equal to ? 





10. What is ——— + 
5 9 
24603705 _ 113223 





11. What is 


12. What was the average number of persons daily visiting 
the Great Exhibition during the week commencing on 
Monday, Oct. 6, and ending on Saturday, Oct. 11 ? 
See Ex. 11, p. 8. 

13. Ireland contains four provinces: what was the average 
population of each province in the year 1851? See 
Iux. 8, p. 12. 

14. Five years were spent on the work of the Britannia Tube 
over the Menai Straits; what was the average yearly 
expense? See lux. 4, p. 4. 

15. How many letters were on the average sent to the Post- 
Office every day of the week ending Iebruary the 21st, 
1851? See Ex. 16, p. 19. 

16. Letters are sometimes put into the Post-Office, by mis- 
take, without any direction; others are so badly 
directed, that the postmen cannot find out where to 
take them; and in some cases the people to whom they 
are directed have removed. All these letters are sent 


equal to? 


* T have thought it pardonable to say thus much about fractions here ; 
this slight allusion to them. is unavoidable, if the learner is expected 
thoroughly to understand what he is about. 

t In these questions the fractional parts of the quotients are not to be 

4 considered. 
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to what is called the Dead Letter Office; many of 
these contain bank-notes and coin; many others con- 
tain money-orders, bankers’ cheques, &e. The amount 
in bank-notes and cash found in the letters sent to the 
Dead Letter Office, in the two years between January 5, 
1849, and January 5, 1851, was eighteen thousand 
eight hundred and seventy pounds; and the amount in 
money-orders, cheques, &c., was one million two hun- 
dred and twenty-six thousand two hundred and eighty- 
three pounds: * what was the average amount of ihe 
whole guarterly during these twenty-four months ? 


(31.) 2. When the Divisor is greater than 12. 


Rue 1. Put the divisor on the left hand of the dividend, 
as in the former case, and mark off a place for the figures of 
the quotient on the right hand. 

2. In order to get the first figure of the quotient, look at 
the first or leading figure of the divisor, and at the first or 
leading figure of the dividend: you will thus be able to see 
how often the former figure is contained in the latter, if this 
latter be the greater of the two; but if it be not the greater, 
then sce how often the leading figure of the divisor is con- 
tained in the number formed by the first two figures of the 
dividend ; the quotient you thus get is to be put down as the 
first figure of the complete quotient. 

3. Multiply the divisor by this first figure, and subtract 
the product from the number formed by the corresponding 
leading figures of the dividend, and you will get the jirst 
remainder: but if it should happen that you cannot subtract, 
on account of the product being too great, it will be a proof 
that your quotient-figure is too great; you must therefore 
take it smaller, and begin again. If, on the other hand, you 
can subtract, and you find the remainder to be a number not 
less than the divisor, this will be a proof that your quotient- 
figure is too small; you must then begin again with a larger 
one. Your quotient-figure will often be too large if you 
neglect to take account of the carryings in multiplying the 
divisor by it, and it will sometimes be too small if you allow 
too much for these carryings. 


* If the owners of this money do not apply for it within three years, 
the cash goes to the Revenue; the orders, bills, &c. are destroyed, and 
property of other kind is sold by auction for the benefit of the Revenue. 
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4. Having got the first remainder, which, mind, to be 
correct, must always be less than the divisor, annex to it the 
next figure of the dividend, and see how often the divisor is 
contained in the new number thus got; you will in this way 
find the second figure of the quotient; multiply the divisor 
by it, and, as before, get a second remainder, annexing to it 
the newt following figure of the dividend ; and proceed in this 
way till all the figures of the dividend have been used or 
brought down. 

If any remainder should be so small, that, even after put- 
ting the proper dividend-figure aguinst it, it be Jess than the 
divisor, the proper quotient-figure will, in that case, be 0, 
and another dividend-figure is to be brought down. 

Ex. 1. Divide 315281 by 23. 

Here, placing the dividend and di- 23)315281(13707 


visor as directed, we see that the first 23 
figure of the divisor is contained once —— 
in the first figure of the dividend: we 85 
therefore put 1 in the quotient’s place, 69 
and say, once 3 is 3, and once 2 is 2; —— 
and subtracting this 23 from the 31 162 
above it, we get, for the first remainder, 161 

8, to which we annex 5, the next figure ——- 
of the dividend. We now have to see 181 
how often 23 is contained in 85, or, as 161 
learners usually say, how often 23 will ——— 
go into 85. Looking, as before, only 20 





to the first figure of each number, we 
see that 2 will go into 8, 4 times: but a glance at the second 
figure of the divisor shows us that, in multiplying by this, 
we should have something to carry, so that the product of 23 
by 4 would be greater than 85. This warns us that 4 is tuo 
great: we therefore put 3 for the second quotient-figure ; and, 
multiplyiug the divisor by this 3, and subtracting the pro- 
duct, we get 16 for the second remainder; and bringing down 
the next figure, 2, of the dividend, we have to see how often 
the divisor goes into 162. As the first figure, 1, of this num- 
ber is less than the first figure, 2, of the divisor, we now have 
to see how often the 2 goes into 16; this we at once find to 
be 8 times: but we at the same time know that 8 must be 
too great, on account of what we should have to carry after 
multiplying the 8 by it; so we put 7 for the third: quotient- 
figure, multiply -the divisor by it, subtract the product from 
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162, and thus get a third remainder, 1, which becomes 18 
when the next dividend-figure is annexed to it. We now 
have to see how often 23 goes into 18; and as it plainly 
goes no times, we put a 0 for the fourth figure of the quo- 
tient, and bring down the next figure of the dividend; so 
that we have to find, lastly, how often 23 goes into 181: 
the 2 will go into the 18, 9 times; this, however, we know 
to be too great, because of what must be carried from 9 times 
38: we therefore try 8. The product of 23 by 8 is 184, 
which being greater than 181, we reject the quotient-figure 
8, as too large, rub out the product by it, and try 7. The 
product of 23 by 7 is 161, which is less than 181 ; 7 is there- 
fore the correct fifth quotient-figure, and the final remainder 
is 20, with which remainder the work ends, as all the figures 
of the dividend have been brought down. 

The final remainder is to be treated just as the last re- 
mainder in the former rule: it is to be written against the 
quotient, with the divisor underneath, and a short line be- 
tween them; the complete quotient is therefore 1370749, the 
fraction at the end being the twenty-third part of 20, so 
that the twenty-third part of the number 315281 is 13707, 
and the twenty-third part of 20 besides. 

After the full explanation here given of every step of the 
work of this example, I think you will be able to understand 
the operations below without any further help. 


75)826052(11014,2, 237)14658293(61849-8, 
75 1422 
76 438 
75 237 
105 2012 
75 1896 
302 1169 
300 948 
2 2213 
— 2133 
80 


oes 
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4652)327006413(702933824 
32564 





13664 
9304 





43601 
41868 


17333 
138956 





3377 
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Whenever your divisor ends in ciphers or zeros, cut them 
off, or fancy them rubbed out, and cut off as many figures 
from the right hand of the dividend: then proceed with the 
work just as you would do if neither the ciphers nor the 
figures cut off were there; but remember, that when you 
arrive at the dast remainder, you must put against it add tlie 
figures you have cut off from the dividend to get the com- 


plete remainder. Suppose, for instance, 
you had to divide 278643 by 3500, and 
that you allowed the noughts toe remain, 
the work would stand as in the margin, 
as you already know, where you see 
that the last two figures of the dividend, 
namely 43, are also the last two figures 
of the remainder. Now if you had cut 
these two figures off, as also the two 
ciphers, and bad taken no notice of them 
till the end, you would have got, by 
uniting the two dividend-figures to the 
last remainder, the same quotient and 
the same temainder that you have got 
now, as the margin shows: you see, 
therefore, that by following this plan, 
you do away with useless ciphers. The 
complete quotient in this example is 


T9R149, 


c3 


3500)278643(79 
24500 





33643 
31500 





2143 





35,00)2786,48(79 
245 


Eee 


336 
315 


2143 


ere 


t 
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(32.) I have now to explain to 237)14658293(60000 
you the principle of the rules for 14220000 
division, and to show you that they ——___— 
always lead us to the true quotient. 237) 438293(1000 
Let us return to the second example 237000 
above, and see what has been done: 
this example is to divide 14658293 237 )201293(800 
by 237; that is, we are required to 189600 
find the 237th part of 14658293. 
By comparing the work with that 237) 11693(40 











in the margin, you will sce that we 9480 
have done what was required, by 

finding first the 237th part of a por- 237)2213(9 
tion of the number, then the 237th 2133 
part of another portion of it, then of ~~~ 
another, and so on, til] all the por- 80 
tions of it have been divided. You 237 


see that the several purtions of the 

number here are 14220000 + 237000 

+ 189600 + 9480 + 21383+80 = 14658293. The 287th 
part of the first portion is 60000; the 237th part of the 
second portion is 1000; the 237th part of the third portion is 
800; of the fuurth portion, 40; of the fifth, 9; and the 237th 
part of the dast portion is 8; so that the 237th part of the 
whole is 6184980. And it is plain that a similar explana- 
tion applies to every example worked by the rule. 

In order to prove whether any operation in division is 
correct, you have only to multiply the quotient (without the 
fraction) and the divisor together, and to add the last re- 
mainder to the product; the result will be the dividend, if 
the work be right. Thus, if in the example just examined, 
61849 be truly the 237th part of 14658293, with 80 over, 
then 237 times 61849, with 80 taken in, must of course be 
14658293. 

(33.) The rule I have just been explaining is called the 
rule of Long Division; the former rule, which serves only 
for divisors not greater than 12, is called the rule of Short 
Division. Examples in this rule may of course be also 
worked by long division; in fact, the second rule includes 
the first, only that examples in the first may be worked in 
less space. Nobody would actually do such examples by 
long division; and I only mention, that the second rule 
really includes the first, lest you should be in any doubt as to 
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whether the principle of short division ought to be separately 
explained. Rather than work a short-division example by 
long division, it will be wiser to work a long-division ex- 
ample by short division, as may always be done when the 
divisor can be expressed by factors, 56)38248(688 
of which no one is greater than 336 

12: thus, 56 is composed of two ——~ 

such factors, for 8x7 = 56. If, 8)388248 464 








therefore, you have to divide a 448 
number by 56, you may first 7) 4781 

divide the number by one of these : 168 
factors, and then divide the quo- 683 168 


tient by the other: both forms of —_—  —— 
division are shown in the margin. 

This is an example with no remainder: in some instances, 
the division by the first factor leads to a remainder, the 
division by the second factor to another remainder, and so on. 
Now when division by any factor leaves a remainder, you 
must write a fraction, as in the former examples, having this 
remainder above, and the number you have divided by below. 
Should the next factor also leave a re- 
mainder, you must multiply this remainder 8 )38259 
by the lower number of the former fraction, 
and add in the upper number of it; this will 7) 47823 
give the upper number of the next fraction, 
and the product of the divisors already em- 68312 
ployed will be the lower number of the new 
fraction. Two cxamples are given in the 
margin: in the first of them, the divisors 3)24632 
are 8 and 7, the factors of 563; in the 
second, the divisors are 3, 6, and 7, the 6) 82102 
factors of 126; that is, 83x6x7 = 126. If 
you use Jong division for the two composite 7)1368.8, 
divisors, 56 and 126, you will find the quo- 
tients to be the same. [ cannot explain to 195-83 
you now how it happens that the fractional 
part of each quotient is truly brought out, as in the margin, 
but you will see it all very clearly when you come to 
Fractions. 




















Exercises. 


1. Divide 2463 by 47. 2. Divide 39072 by 83. 
8. Divide 1197054 by 342. 4. Divide 8264921 by 576. 


86 
5, 


v 


8. 


9. 
10. 


11. 


12. 
13. 


14. 


15. 


16. 


17. 


18. 
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Divide 9460257 by 843. 6. Divide 40627385 by 2712- 
Divide 7926400 by 3046. 

Divide 81729361 by 402600. 

What is 1769023478910? 

What is 27506381 + 80247 ? 


, 59264743 
Wh h ] See ae 
at 1s the value of pEDea 


1079256401 
3427500 

The gross earnings of the Great Western Railway, for 
passengers and goods, for the first half of the year 
1851, were 438834 pounds; the distance travelled up 
and down is 264 miles: what were the earnings per 
mile for the half-year ¢* 

It is found that in a large number of persons, say a hun- 
dred thousand, aged 25 years, about one in every 26 
dies before arriving at the age of 30 years: how many 
may be expected to die out of the whole in these five 
years ? 

It is estimated that 1 out of every 1585 persons in Great 
Britain is deaf and dumb: how many deaf and dumb 
persons are there in the entire population, which, 
according to the Census of 1851, is 20936468 persons ? 

The number of blind persons in Great Britain is at the 
rate of about one in every thousand: how many mole 
blind persons are there than deaf and dumb ¢ 

The Himalaya mountains in India are the highest in the 
world; some of them have been found to measure 
twenty-seven thousand fect: how many buildings, as 
high as St. Paul’s in London, must be piled, one upon 
another, to reach to this height, the height of St. 
Paul's being 344 feet ? 

The shilling catalogue of the Great Exhibition contains 
320 pages, and is more than half an inch in thickness: 
there were three hundred thousand copies printed: 
suppose that each copy were pressed to the thickness of 
half an inch, and that all were then piled up, one upon 
another, how many times the height of the Monument, 
near London Bridge, would the pile reach, the height 
of the Monument being 202 feet, or 2424 inches ? 


What is the value of 


* In these questions the fractional parts of the quotients need not be 
taken into account, 
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(34.) You have now been brought through the first four 
rules of Arithmetic: from the explanations which have been 
given of them, I think you should understand the reasons of 
the operations those rules direct to be performed: and from 
the many exercises which have been proposed, you ought to 
be pretty ready in the practice of them. Everything that 
follows will depend upon these four rules: there are no 
operations in arithmetic besides those of addition, subtraction, 
multiplication, and division. Different names will be given 
to different rules in the remaining part of the subject; but 
adding, subtracting, multiplying, or dividing, are the only 
operations that can enter into the work of any of them. The 
rules now given are called the four sample rules of arith- 
metic ; simple addition, simple subtraction, simple multiplica- 
tion, and simple division. They are called simple, not 
because they are so easy, but because every example belong- 
ing to them has to do simply with one denomination of 
quantities or things, as pounds, persons, miles, &c. These 
are each called things of the same denomination. A sum of 
money, composed of so many pounds, so many shillings, and 
s0 many pence, is composed of quantities of different deno- 
minations; and in like manner a distance or length composed 
of iniles, yards, and feet, is composed of quantities of different 
denominations; and accordingly, when the rules of addition, 
subtraction, &c., are applied to these, they are called com- 
pound rules, so that you see the cause of the distinction 
between simple addition and compound addition, between 
simple subtraction and compound subtraction, &c. 

(35.) Iam now going to introduce you to the arithmetic 
of compound quantities; but before I do so, you will have to 
learn a few tab/es, in order that you may know how many 
quantities of a lower denomination are contained in a single 
quantity of the same kind, but of a higher denomination ; as, 
for instance, how many feet in a mile, how many ounces in a 
pound weight, how many gallons in a barrel; and so on. 

The table of liquid measure, at page 42, contains more 
particulars than you need commit to memory, as the altera- 
tion in the capacity of the gallon, which took place in 1826, 
alters the nwmber of gallons now contained in the old casks. 
The imperial gallon is used equally for wine and malt liquor ; 
it is less than the old beer gallon, and greater than the old 
wine gallon. (See foot-note, page 42. 
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TABLES OF MONEY, TIME, WEIGHTS, MEASURES, &c. 


MONEY. 


In the United Kingdom, money-accounts are kept in 
pounds, shillings, pence, and farthings. The symbols or 
marks used for these are £, for pounds; s, for shillings; and 
d, for pence: g is sometimes used for farthings, or guarters of 
a penny, and sometimes the letter f The pound used to be 
represented by a Bank-note, value 208.; it is now re- 
placed by a gold coin, called a sovereign; there was formerly 
another gold coin, called a guinea, the subdivisions of which 
were the half-guinea, and the seven-shilling piece. The 
value of the guinea was 2Js. Though this latter coin has 
gone out of circulation, it is still customary to call 21s. 
a guinea. The weights of this coin and its subdivisions are 
given below; as also of the 5s. piece, or crown, and half- 
crown, in the present coinage. 


Gop Corxs—Old Coinage. 


Name. Value. Weight, troy. 
Guinea 218. Od. 5dwt.* 9 38 gr. 
Half-Guinea 10s. 6d. 2 16 g& 
78. Piece 78. Od. 1 1938 

New Coinage. 
Sovereign 208. 5 3271 
Half-Sovereign 10s. 2 13 229% 
SitvER Coins—LNew Coinage. 
Crown 58. Od. 18 4 4 
Half-Crown 28. 6d. 9 2 +4, 
Shilling 12d. 3 15 
Sixpence Os. 6d. 1 1944 
4d. Piece Os. 4d. 1 5 py 
3d. Piece Os. 3d. 0 21 


* The mark dw?. means pennyweight, and gr. stands for grains.—See 
table of Troy Weight. 


3 
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Pence TABLE. 


8. d. Pence. s. d. Pence. 8. d. 
4 farthings make 1|50 make 4 2/100 make 8 4 
12 pence I 0/60 a 5 0; 108 5 9 0 
20 5 +» 1 8I7 » 610/110 4, 9 2 
24, «4 2 0172 4, +6 01120 4, 10 0 
30 , 4 2 61/80 , 6 8/1380 ,, 10 10 
36, 5 8 01/84 4, +7 01182 +4, +21 0 
40, » 38 4190 , 7 6/140 4, Ll 8 
48, , 4 01/96 , 8 01144 4 12 0 


A farthing is represented thus: 4d., meaning one-fourth of a 
penny; two farthings, or one halfpenny, thus: 3d.; and 
three farthings thus: 24d. 


Note.— Gold coins are allowed by law to pass under the full weight, 
an allowance of a little more than 4 grain being made for the diminution 
of weight by use : thas, a sovereign passes for its full value, provided it 
reach the weight of 5dwt. 2% gr. Gold coins are not wholly of pure 
gold; they are made of what is called standard gold, which is composed 
of 1] parts of pure gold, and 1 part of an alloy of either pure copper or 
copper and silver. Any quantity of gold, whether alloyed or not, is, for 
ccnvenience, supposed to be divided into 24 parts, called carats; and the 
degree of purity of the mass is expressed in these carats: thua, standard 
or sterling gold is 22 carats fine, the remaining 2 carats being alloy. 
Unalloyed gold is 24 carats fine. Gold is not alloyed in coinage from 
motives of frugality, but for convenience of workmanship, and for the 
purpose of rendering the coin harder and more durable. Articles of plate, 
in gold, are allowed to be of standard purity,—that is, 22 carats fine; 
but in watch-cases this degree of fineness is not permitted ; the standard 
for them is 18 carats fine; so that one-fourth of the material is alloy. 
The ‘‘ Hall mark,’ which guarantees the proper degree of purity, is 
usually stamped on the ring that suspends the watch, and on other parts 
of the case. 

Standard silver, for silver coins, contains 11 oz. 2 dwts. of pure silver 
in 1 lb. troy, and 18 dwts. of alloy. 


TIME. 
60 seconds, marked thus, 60sec. make 1 minute. 
60 minutes, ‘. 60 m. » 1 hour, 
24 hours, . 24h. » 1 day. 
7 days, ss 7d. 5 1 week. 
52 weeks 1 day - 52w.1d. , 1 year. 
52 weeks 2 days, or 366 d. » 1 leap year. 


Leap year occurs once in every four years, when a day must be added 
to 365, the number of days in a common year; the month which takes 
this additional day is February, which in leap year has 29 days. If the 
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date of the year be divided by 4, and there be no remainder, that year 
will be leap year; and 1, 2, or 3, will remain, according as the year is 1, 
2, or 3 years after leap year. The number expressed by the last two 
figures only of the date may be used instead of the complete date, as the 
remainder arising from division by 4 will be the same: thus, the year 
1852 is leap year, since 52 is exactly divisible by 4. The addition of a 
day every fourth year is rendered necessary on account of the ordinary 
year being taken as 365 days, instead of 365} days, which it is within a 
few minutes; so that in 4 years a whole day would otherwise be over- 
looked. Even as it is, the few minutes just noticed, by which 365} days 
differs from the true year, as shown by the sun, accumulate to an error 
of about 3 days 24 hours in 400 years. This error is an error of excess ; 
for the true solar year is 365d. 5h. 48m. 49sec. To remove the effect 
of this error, it has been fixed that when the year consists of complete 
centuries (a century being 100 years), although the date would be exactly 
divisible by 4, yet the year is not to be considered as leap year, unless the 
date, omitting the ¢we final noughts or zeros, is also divisible by 4: thus, 
the years 1800, 1900, 2100, &c., are to be reckoned as common years, 
since 18, 19, 21, &c., are not divisible by 4; but 1600, 2000, &c., are 
leap years. With this correction the civil reckoning so far agrees, on the 
average, with the astronomical determination of the year, as to be only 
one day in advance of the strict truth in 3546 years,—an error which for 
the purposes of life it is unnecessary to make any provision for. 


The year is divided into twelve parts,—January, February, 
March, April, May, June, July, August, September, October, 
November, and December. These are called the 12 calendar 
months. Each of these, except February in a common year, 
contains more than 4 weeks, or 28 days; yet, in ordinary 
language, 4 weeks is called a month. There are 13; of these 
months in a calendar year. The number of days in each 
calendar month may be easily recollected by aid of the fol- 
lowing lines :— 

Thirty days have September, 
April, June, and November, 
February has twenty-eight alone, 
And all the rest have thirty-one ; 
But leap-year, coming once in four, 
February then has one day more. 


WEIGHTS. 
AVOIRDUPOIS. marke. 
16 drams make 1 ounce (0z.) 
16 ounces » 1 pound (Ib.) 
28 pounds » 1 quarter (qr.) 


4 quarters, or 112]bs. ,, 1 hundred-weight (cwt.) 
20 hundred-weight » 1 ton (t.) 
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By this weight coarse and bulky goods are weighed, and all the com- 
mon necessaries of life. The weight called a stone is also much used for 
like purposes ; but it is not fixed, like the other weights given above; in 
general, however, by a stone is meant 14 lbs. avoirdupois. In London, 
a stone of butcher’s meat is only 8 lbs.; but in many country places it is 
14lbs., and in some 16lbs. Unless, however, the contrary be stated 
(butchers’ meat excepted), by a stone 14]bs. is always understood, so 
that 8 stone make a cwt. ; 2 stone of 14 lbs. make 1 tod of wool; 64 tods, 
1 wey; 2 weys, 1 sack; and 12 sacks | Jast: 12 sacks also make a chal- 
dron of coals,—a measure now discontinued. 


TRoy. marks. 
24 grains make 1 pennyweight (dwt.) 
20 pennyweights __,, 1 ounce OZ. 
12 ounces » 1 pound (1b.) 


This weight is for the precious metals, and for ingredients used in 
philosophical experiments. The grain troy is subdivided into 20 parts, 
called mites ; so that 20 mites = 1 grain. The ‘avoirdupois ounce is less 
than the troy ounce; for 1 oz. avoir. = 4)§ oz. troy; but the avoir- 
dupois pound is greater than the troy pound; for 1 lb. avoir. = 344 lb. 
troy. 


A POTHECARIES. marks. 
20 grains make 1 scruple (sc. or 9) 
3 scruples ne 1 dram (dr. or 3) 
8 drams 35 1 ounce (oz. or 3) 
12 ounces » 1 pound (Ib.) 


Apothecaries and chemists use this weight in mixing medicines; but 
drugs are bought and sold by avoirdupois weight. 


MEASURES 
Or Lenatn, Surrace, and Soitrp or Cusic Contents. 
LenetH (or Lona Measure). marks. 

12 inches make 1 foot (ft. ) 
3 feet 5 1 yard (yd.) 
6 feet 3 1 fathom (fath.) 
54 yards - 1 rod, pole, or perch (per. ) 
4 perches, or 100 links 1 chain (22 yards) 

40 poles ee 1 furlong (fur.) 
8 furlongs ‘5 1 mile (1760 yds.) (mi) 
3 miles 3 1 league (lea. ) 

Cloth. 
21 inches ‘s 1 nail (na. ) 
4 nails <5 1 quarter of a yard 
5 quarters ‘5 1 ell English 
3 quarters ‘5 1 ell Flemish. 


A hahd, in measuring horses, is 4in.; a span, 9 in.; and 
a pace, 5 feet. A rood of fencing or ditching is 7 yards. 
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SurFace (or Square MEasvure). 


144 square inches make 1 square foot. 
9 square feet 9 1 square yard. 
301 square yards »» 1 8q. rod, pole, or perch. 
40 sq. perches » 1 rood. 
4 roods >» 1 acre. 
10 sq. chains, or 100000 sq. links 1 acre. 
640 acres »» 1 square mile. 
100 square feet » 1 square of flooring. 
2724 square feet » 1 sq. rod of brickwork. 


Sotrp, or Cusic MEAsuRE. 


1728 cubic inches make 1 cubic foot ; and 27 cubic feet make 
1 cubic yard. 


Measures for Wine, Spirits, ALE, Beer, &c. 


4 gills make 1 pint. 
2 pints 4 1 quart. 
4 quarts % 1 gallon. 
10 gallons a 1 anker. 
18 gallons ss 1 runlet. 
Pe 314 gallons a 1 barrel. 
3} 42 gallons = 1 tierce. 
Ss 63 gallons o 1 hogshead (hhd.) 
84 gallons a3 1 puncheon. 
126 gallons (2 hhds.) _,, 1 pipe, or butt. 
252 gallons ™ 1 tun, or 2 pipes. 
* 9 gallons <5 1 firkin. 
te 2 firkins 45 1 kilderkin. 
eat 2 kilderkins (36 gal.) ,, 1 barre}. 
~~ 54 gal. or 14 bar. _ 1 hogshead. 
= | 72 gal. or 14 bhd. . 1 puncheon. 
“< | 108 gal. or 14 pun. - 1 butt. 
< (216 gal. or 2 butts iS 1 tun. 


* These measures are inserted here chiefly because the learner may 
know the number of gallons meant whenever he meets with the names of 
them; but he must be here apprised, that these gallons are not imperial 
gallons, but gallons according to the old measure, which has been abo- 
lished. Old gallons, wine measure, are converted into imperial measure 
by multiplying by §; and old gallons, ale measure, are converted into 
imperial measure by multiplying by $8, which fractions are sufficiently 
accurate for practical purposes. The names of the measures for wine 
and ale, marked above, are now merely the names of casks, and do not 
denote imperial measures ; indeed, some of these names were never un- 
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The imperial gallon is a measure of the same uniform capacity, whether 
for wine, ale, beer, corn, or any other commodity; it must contain 
exactly 101b. avoirdupois of distilled water. The barrel, hogshead, &c. 
differs in capacity, according as it is used for wine or beer. 


Corn, or Dry Measure. 


2 pints make 1 quart. 2 bushels make 1 strike. 

2 quarts »  Ilpottl. 2strikes 4, 1 coom. 

2 pottles » 1 gallon. 2 cooms (8 bush.) 1 quarter. - 
2 gallons » 1 peck. 5 quarters ,,  1lweyorload. 
4 pecks » 1 bushel. 2 weys » 1 last. 


The standard weight of a sack of coals is 2 cwt.; 80 
that 10 sacks weigh 1 ton. A ship-load is 4240 sacks, or 
8480 cwt. A sack contains 3 bushels, heaped measure; but 
heaped measure is now abolished. 


Division OF THE CIRCUMFERENCE OF A CIRCLE. 


The circumference of every circle is supposed to be divided 
into 360 equal parts, called degrees; these, of course, are 
longer or shorter, according as the circle is greater or less, 
Each degree is divided into 60 equal parts, called mtnutes ; 
and each minute into 60 equal parts, called seconds: the 
marks for degrees, minutes, and seconds, are a small ° for 
degrees, a dash ’ for minutes, and two dashes ” for seconds, 
thus: 

60’ = 1’; 60’= 1°; 860° = a whole circumference; 
90° = a quadrant. 

A degree of the circle round the earth at the equator, or a 
degrce of a meridian, is about 69-4; miles; so that the length 
of 1’ is the 60th part of this, which is the length of a sea- 
mile, or, as it is frequently called, of a geographical mile; a 
geographical, or nautical mile, being the length of 1’ of the 
equator or meridian; it exceeds a land mile by about } of 
that mile. 





alterably fixed in meaning: a pipe of wine of one kind often differed 
considerably in measure from a pipe of another kind. Whatever name 
be still retained for the cask, the liguor contained in it is always gauged 
or measured, and valued in imperial gallons accordingly. It is useful to 
remember, however, that if a person were now to purchase a runlet of 
wine,—that is, a cask of that name full of wine,—he woyld get only § of 
18 imperial gallons; that is, only 15 gallons imperial measure. The word 
gallons is printed in italics above to imply that old measure is meant, 
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REDUCTION. 


(36.) REDUCTION is the name given to the operations by 
which a quantity is reduced to another of the same value, but 
of different denomination. The operation, for instance, by 
which pounds in money are reduced to shillings, pence, or 
farthings; or farthings to pounds, years to hours, &c. You 
see, therefore, that Reduction is of two kinds: the reduction of 
a higher denomination to a lower, and the reduction of a lower 
to a higher ; it is therefore comprised in two rules. 


1. To Reduce a Quantity to one of a Lower Denomination. 


Rute. See by the tables how many quantities of the neat 
lower denomination make one of the higher, and multiply 
the proposed quantity by that number; the product will be 
the quantity in the next lower denomination. 

If it is to be reduced still lower, see how many quantities 
of that next lower denomination make one of the denomina.- 
tion already reached, and, as before, multiply by that number ; 
and so ou till you reach the denomination required. 

Ex. 1. Let it be required to reduce 
£124 to farthings. £124 

As 20 shillings make one pound, we 20 
first multiply by the number 20; this —— 
reduces the £124 to 2480 shillings ; and, 2480 shillings. 
since 12 pence make one shilling, we then 12 
multiply the number 24380 by the number 
12, which reduces the 2480 shillings to 29760 pence. 
29760 pence; and, lastly, since 4 far- 4 
things make one penny, we multiply the 
number 29760 by 4, which finally re- 119040 farthings. 
duces the £124 to 119040 farthings. 

If any quantities of the lower denominations are connected 
with the quantity to be reduced, we must, of course, add 
them in with the products which give the same denomina- 
tions; thus, if shillinge had been connected with the £124 
above, these shillings must have been added in with the 
product 2480, which gives shillings ; and if pence had also 
been connected with the pounds, we must have added them 
in with 29760, the product which gives pence; and so on. 
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2. Suppose we had to reduce £124. 13s. fo. Be. od, 
44d. to farthings. 124138 44 

Then, multiplying the 124 by 20, and 20 
taking in the 13, we have 2493 shillings ; —_—— 
and multiplying 2493 by 12, and taking 2493 shillings 
in the 4, we have 29920 pence; and, 12 
lastly, multiplying 29920 by 4, and taking 
in the 2 farthings, we have finally 119682 29920 pence 
farthings. 4 

It is proper that I should notice here, 
that in reducing pounds to shillings you do 119682farthings 
not multiply the pounds by 20, but only 
the number of pounds; if pounds be multiplied by any num- 
ber the product must be pounds. In like manner, in reducing 
to pence, it is not the shildings you multiply, but only the 
number of them. It would be tedious to be always making 
this distinction in rules and examples, though it is right that 
you should not be misled by the brief language £. 8. d. 
in which rules are sometimes expressed. 872 15 72 

3. Reduce £372. 15s. 73d. to farthings. 20 

Here we multiply by 20, and take in 
the 15; then by 12, and take in the 7; 7455 shillings 
and, lastly, by 4, and take in the 3; as in 12 
the margin. 

4. How many minutes are there in 29 89467 pence 
days, 3 hours, and 21 minutes? 4 

Since 24 hours make one day, and 60 
minutes one hour, we have to multiply, first 357871 farthings 
by 24, taking in the 3 hours, and then by 























60, taking in the 21 minutes, as in the d. h. m, 
margin. 29 3 21 
You will of course understand, when it 24 


is said that 24 hours make a day, that what —— 

in common language is called aday and a 119 
night is meant. People in general consider 58 

a day to end at 12 o'clock at night, and —— 

then a new day to commence, which lasts 699 hours 
till 12 o'clock the following night, thus com- 60 
pleting 24 hours; yet it is customary to call 
that part of the 24 hours usually devoted to 41961 minutes. 
sleep, night ; and to apply the term day more 
especially to the other portion. Astronomers begin their day 
at noon, and end it at the noon following. What they would 
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call Jan. 5, at 18 h. 15 m., we should call lb. oz. awt. gr. 
Jan. 6, at a + past 6 in the morning. 17 6 14 21 
5. How many grains are there ina «+ 12 
lump of gold, weighing 17]b. 602. —— 
14 dwt. 21 gr. ? 210 
Here we have to multiply, first by 20 
12, taking in the 6; then by 20, taking —— 
in the 14; and, lastly, by 24, taking in 4214 
the 21. As the first figure, arising from 24 
multiplying by the 4, expresses units, ——— 
we shall add the nits in 21, namely 16857 
the 1, to ¢his figure; and asthe figuro 8430 
arising from multiplying by the 2 is 
tens, we shall add the ¢ens in 21, namely 101157 grains. 
the 2, to ¢hés figure. 
Nore. You may sometimes have to multiply by a number 
with a fraction joined to it, as, for instance, by 54, in order 
to reduce perches to yards; to do this you may first multiply 
by the 5, and then to the product add half the multiplicand ; 
or you may multiply by ¢erice 53, that is by 11, and then 
divide the product by 2. If the fraction be one-fourth, or 
three-fourths, you may reduce all to fourths, by multiplying 
the number to which the fraction is joined by 4, and taking 
the odd fourths in; the result will then be four times the 
true multiplier, which you may use instead of the true one ; 
but then you must remember to divide the product by 4, to 
get the true product. In general, however, the best way 
will be, when you have to multiply by 4, to take a fourth 
part of the multiplicand ; and when you have to multiply by 
3, to take half the multiplicand for ¢zco fourths, and then half 
of this for the remaining fourth. These portions of the mul- 
tiplicand, added to the product you get by using the multiplier 
without the fraction, will give the complete product. Thus: 
suppose 327 is to be multiplied by 54, and 304, respectively, 
the work is as follows: 








2)327 4)327 
54 304 
1635 9810 
163$ for 4. 81? for 4. 


Product 17984 Product 98913 
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In the first of these operations, 327 perches are reduced to 
yards; in the second, 327 square perches, or rods, are re- 
duced to square yards. 
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Exercises. 


. Reduce £865. 17s. 5d. to pence. 


Reduce £397. 16s. 42d. to farthings. 

How many minutes are there in 365 days ? 

How many pounds are there in Scwt. 3qr. 181b. of 
cheese ? 


. Reduce 73 0z. 17 dwt. 11 gr. of gold to grains. 


How many inches are there in 2374 yards of length ? 


. Reduce 47 miles 5 furlongs 9 perches 3 yards to yards. 

. How many square yards are there in 7 acres ? 

. How many pounds are there in 3 tons 13cwt. 2 qrs. 22 |b. ? 
. Reduce 46 barrels of beer to quarts (old measure). 

. The middle arch of the Southwark Iron Bridge weighs 


about 1523 tons: what is its weight in pounds ? 

The great bell of St. Paul’s weighs 5 tons 2 cwt. 1 qr. 
22 lb.: what is its weight in pounds? 

The largest bel] in the world is that of Moscow; its 
weight is 192 tons 17 cwt. 16 1lb.: reduce this to 
pounds. 

The money taken in silver alone at the doors of the Great 
Exhibition weighed about 35 tons: how many avoir- 
dupois ounces did it weigh; and how much silver 
money. was taken, allowing 5s. to weigh an avoirdupois 
ounce, as is very nearly the case ? 

A pipe of wine is to be drawn off in an equal number of 
quart, pint, and half-pint bottles: how many of each 
will there be (old measure) ? 

How many grains are there in three dozen of table-spoons, 
each spoon weighing 2 0z. 4 dwt. ? 

The ground occupied by St. Paul’s Cathedral measures 
2 acres 16 perches: how many square feet are there in 
this extent ? 

A vat, or large cask for preserving beer, was built for 
Mr. Meux, the brewer, so capacious that 400 men 
stood without inconvenience inside of it: it held twelve 
thousand barrels of beer; how many quarts did ut 
contain (old measure) ? 

The total receipts of the Great Exhibition were £505107 : 
if this sum were reduced to shillings, and a person were 
to begin counting them as soon as Jan. 1, 1852, com- 
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menced, at the rate of 80 shillings a minute, and to 
continue counting twelve hours a day, in what month, 
and on what day of that month would he have finished 
his wearisome task?* (Remember that 1852 is leap- 
year.) 

20. The weight of the gold taken at the doors of the Great 
Exhibition was about one thousand seven hundred and 
fifty-one pounds troy: how many sovereigns were 
there, each sovereign weighing 123 grains ? 


(37.) 2. To Reduce a Quantity to one of Higher Denomination. 


Rue 1. Reduce the quantity to the next higher denomi- 
nation, by dividing it by the number which expresses how 
many of the lower denomination make one of the higher. 

2. In like manner, reduce this new denomination to that 
next higher, by again dividing; and so on till the proposed 
denomination is reached. 

Ex. 1. Reduce 119040 far- 4)119040 farthings 
things to pounds. 

First, dividing by 4, to reduce 12) 29760 pence 
the farthings to pence, we get 29760 
pence; next, dividing by 12, to 2,0) 2480 shillings 
bring these pence into shillings, we 
reduce it to 2480 shillings; and, 124 £ 
lastly, dividing by 20, we find the 
number of pounds to be 124. (See Ex. 1, page 44.) 

2. Reduce 357871 farthings to 
pounds. 4)357871 

Dividing by 4, as before, we get 
89467 pence, and three farthings. 12) 894672 
Dividing these pence by 12, we get 
7455 shillings, and 7 pence; and, 2,0) 745.5 ‘Td. 
lastly, dividing the shillings by 20, —— 
we get £372. 158.; consequently the £372. 158. 73d. 
entire sum is £372. 158. 72d. (See — 

Ex. 3, page 45.) 


* IT have been desirous of avoiding purely frivolous questions in this 
work ; but questions such as this must not be considered as such. It is 
difficult to form an adequate conception of a very large number; and we 
may be much assisted in doing so by estimating the time it would take to 
count it. A person will have a much better conception of a million, 
from considering, that if he were to count a million things as fast as 
possible,—say 100 a minute,—it would occupy him day and night, with- 
out intermission, for a whole week, within an hour and 20 minutes. 
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3. How many days are there in 
41961 minutes? (See Ex. 4, p. 45.) 6,0)4196,1 
Dividing by 60, the number of 
minutes in an hour, we get 699 hours 3) 699 2im. 
and 21 minutes. Dividing the hours —— 
by 24, that is, by 3 and 8, because 8) 233 
3x 8 = 24, the number of hours in a —- 
day, we get 29 days, and 1 over; 29d. 3h. 21m. 
not 1 hour, but once three hours, be- 
cause 233, to which this 1 belongs, are not hours, but units 
of 3 hours each; since they arise from dividing hours by 3. 
And you must be careful to observe this, when in any ex- 
ample in reduction, you split your divisor into its component 
factors, and divide by ¢hem instead; the remainder arising 
from any one of these factors, must always be multiplied by 
the product of whatever other of those factors may have been 
previously used for divisors. 

















4. How many pounds are 3)101157 
there in 101157 grains of gold ? 
(See Ex. 5, p. 46.) 2) 33719 

IIere we have first to divide 
by 24, to bring the grains into 4) 16859 3er. 
pennyweights; and the better 
to illustrate what has just been 2,0) 4214 18 gr. 
said, let us split 24 into its — 
three factors, 2, 3, and 4, di- 12) 210 14dwt. 
viding, however, by 3 first, since ——_- 
it is probable, from the last 17 6ow . 





figure of the proposed number 
being 7, that 3 is contained in 17]b. 602. 14dwt. 21 gr. 
it without remainder. The first 

remainder we get is the remainder 1, from the divisor 2 ; this 
remainder multiplied by 3, the only other of the three factors 
previously used, gives us 3 grains. ‘The division by 4 leaves 
another remainder, namely 3; this multiplied by 6, the pro- 
duct of the 2 and 3, already used as divisors, gives us 18 
grains; so that the total number of grains over is 21. The 
final result is, therefore, 171b. 6 oz. 14 dwt. 21 gr. 

You will observe that I have used the three factors of 24 
here only for the sake of showing you how to proceed when 
three factors are necessary in order to enable you to exchange 
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long division for short division, which you should always do 
whenever you can.* 

Reduce 3275 lb. avoirdupois to ewts. 2)3275 

By the table we see that 112 1b. make —— 
one cwt.; it is also easy to see that 112 7)1637 11b. 
will divide by 2; the quotient is 56, which —_—— 
is 7 x 8; therefore,112=2x7x8; sothat 8) 283 12 ]b. 
we may here use short division, employing ———~ 
these three factors for divisors, as in the 29 14 Jb. 
margin. Instead of the divisors 2, 7, 8, 
we might have used 4, 4, 7, as isobvious.t 29cwt. 27 |b. 

Note. You may sometimes have to divide by a number 
having @ fraction joined to it, as, for instance, by 54, in 
order to reduce yards to perches. In this case, the best way 
is to divide tewce the dividend by ¢eice the divisor, that is, 
by 11. If the fraction in the divisor be a quarter or three 
quarters, instead of a half, then you should reduce Poth 
dividend and divisor to guarters before you begin, multiply- 
ing the divisor, without the fraction, by 4, and taking in the 
odd quarter or quarters. You must observe, however, that 
the remainder you get must be divided by 2, if you aro 
dealing with Aalves, and by 4, if you are dealing with guar- 
ters, in order that you may obtain the proper remainder, in 
the same denomination as the dividend. ‘Thus, suppose it 
were required to divide 37810 by 54, and by 304, respec- 
tively, you should work as follows :— 

37810 
2 





54 x2 = 11)75620 


Quotient 6874...3, half the remainder. 


* A table of factors, suitable for short division, of all numbers up to 
10000, is given at the end of the book; the arithmetician will find it very 
useful on many occasions. 

+ The learner will readily see that the above method of getting the 
final remainder corresponds with what has already been explained at 
page 35. The only difference is, that there the remainder is expressed in 
the final denomination, while in Reduction it is made to preserve the 
original denomination. If in the above example the final result were 
required in cwts. and fractional parts of a cwt. without lbs., the result 
of the first division would have been written 16374, the result of the 
second division 23344, and the result of the third 294%,; that is, 
29.27, cwt., which is 29 cwt. and the 112th part of 27 cwt.; this 112th 
part being, of course, 27 lb. 
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37810 
4 


301 x 4 11)151240 
= 121 =11x1l 





11) 13749...1 





Quotient 1249...273, one-fourth of the rem. 





In the first of these operations, 37810 yards are reduced 
to poles or perches; in the second, 37810 square yards are 
reduced to square poles or square perches. The first result is 
6874 per. 3 yds.; the second is 1249 sq. per. 272 sq. yds. 
You divide the remainder by 2, in the first case, because that 
remainder is halves, and by 4, in the second case, because it 
is guarters or fourths. 


Exercises. 


1.. Reduce 26493 farthings to pounds. 

2. Reduce 397024 yards to miles, furlongs, perches, and 
ards. 

3. How many hours are there in 28635 seconds ? 

4. How many pounds of silver are there in 12875 grains? 

5. Reduce 176432 lb. to tons. 

6. How many yards are there in 24631 nails ? 

7. Reduce 42657 square poles to acres. 

8. How many square yards are there in 27568 square inches? 

9. Reduce 100000 pints to gallons, 

0. How many degrees and minutes of a circular are are 

there in 1382530 seconds ? 

11. How many cubic yards are there in 100000 cubic inches ? 

12. It is related by Josephus, that the battering-ram em- 
ployed by Titus against the walls of Jerusalem weighed 
100000 lb.: how many tons did it weigh ? 

13. If an omnibus carry, on the average, 1000 persons 
weekly at the rate of 3d. each, what are the gross 
receipts for a year ? 

14, If all the letters which passed through the Post Office 
during the week ending Feb. 21, 1851, had only penny 
stamps on them, what was the cost of the stamps? 
(See Ex. 16, p. 19.) 

15. If a steam-vessel sail across the Atlantic Ocean, a dis- 
tance of about 3000 miles, at the average rate of 94 
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miles an hour, in how many days will sho perform the 
voyage ? 

16. The distance of Plymouth from Adelaide in Australia is 
estimated at 9080 miles: in how many days would the 
voyage be performed in a steamer sailing at the average 
rate of 93 miles an hour, if no land intervened ? 

17. The iron railing round St. Paul’s Cathedral weighs 
448081 lb.: how many tons does it weigh ? 

18. The duty paid on advertisements in English and Scotch 
newspapers is 1s. 6d. each: how much was paid for 
advertisement-duty on all the English newspapers in 
the year ending Jan. 5,1851? (See Ex. 14, page 9.) 

19. In quick marching, soldiers take 108 steps a minute, 
each step being about 2 feet 8 inches: at this rate, how 
long would a regiment be in marching from London to 
Richmond, a distance of 10 miles ? 

20. An imperial gallon of distilled water weighs 10 Ib. avoir- 
dupois: how many tons of water would the great vat 
mentioned in Ex. 18, p. 47, hold? (See foot-note, p. 42.) 

21. A cubic foot of water weighs very nearly 1000 ounces 
avoirdupois: how many cubic yards are there in the 
vessel referred to in the last Exercise ? 

22. In how many days could the above-mentioned vessel be 
emptied by a tap which discharges half a gallon in a 
second ? 

23. What is called a ship-load of coals weighs 949760 Ib. ; 
a sack weighs 2 cwt.: how many sacks are there in a 
ship-load ¢ 

24. The number of Electric Telegraph stations now open 
(Jan. 1, 1852) is 226; of these, constant attendance, 
day and night, is given at about 70: all are in con- 
nection with the central station at Lothbury, in Lon- 
don. The length of lines of communication already 
completed is upwards of 2500 miles: you can send a 
short message, for any distance not above 100 miles, 
for 2s. 6d., which message will be forwarded by other 
means to the house of the person you send to: what 
would it cost, for the use of the telegraph, to eend a 
message from one end of England to the other, a 
distance of about 642400 yards,* and to receive an 


* The railway distance would, of course, be more than this, as the 
lines do not run directly north and south. 
It may interest the learner to be here informed, that the electric wire 
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answer back, which you might do in a few minutes: 
you will observe, that 2s. 6d. is to be paid for any 
distance not exceeding 100 miles ¢* 


(38.) AppiTION oF ComPouND QUANTITIES. 


Rute 1. Place the quantities to be added tugether under 
one another, so as that all in the same column may be of the 
same denomination. 

2. Add up the first column on the right, that is, the 
column in which the quantities of lowest denomination are 
placed; find how many quantities of the next denomination 
are contained in the sum: put what is over under the column, 
and carry the quotient to the next column. Proceed in this 
way, from column to column, till all have been added up. 

1. Suppose, for example, you had to find 
the total amount of the following bills: £. 3. d. 
namely, Baker’s bill, £31 17s. 44¢.; But- 3117 44 
cher’s bill, £27 13s. 8d.; Grocer’s bill, 27 13 8 
£19 Os. 63d.; Tailor’s bill, £21 7s. ; Shoe- 19 0 62 
maker's bill, £11 2s. 9d.; Washerwoman’s 21 7 O 


bill, £8 16s. 3843d.; Bookseller's _ bill, 11 2 9 
£7 1388. Sd.; and Stationer’s bill, 17s. 64d. 8 16 34 
Then, arranging these sums, as in the mar- 713 8 
gin, putting pounds under pounds, shillings 17 64 


under shillings, pence under pence, and ——————— 
farthings under farthings, you would begin £128 8 104 
with the coluinn of farthings, and say, 2 and =————————_ 


has been extended under the sea, from Dover to Calais; it is embedded 
in a thick cable, and sunk across the Channel. Occurrences that take 
place at Paris, 160 miles from Calais, at 7 or 8 o’clock in the evening, 
are now fully described in print in the London newspapers by 7 o’clock 
the following morning. Electricity brings the news to London, delivers 
it in symbols, which require to be translated into common words; the 
translation is carried in the ordinary way to the printing-office, the com- 
positors set up the type, the pressmen work off the printed sheets, and 
have thousands of them ready for the public by 7 o’clock in the morn- 
ing! We owe this wonderful facility to the genius and industry of 
Professor Wheatstone, of London. ‘The velocity of the electric current 
is calculated by this gentleman to be at the rate of at least 288000 miles 
a second; so that it would travel completely round the world in about 
the twelfth of a second ! 

* ‘«The most wonderful application of electricity to the purposes of 
life, is the facility it affords to persons separated by hundreds of miles to 
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2 are 4, and 3 are 7, and 2 are 9; 9 farthings contain 2 
pence, and 1 farthing over; therefore, you put down the 1 
farthing, and carry the 2 pence to the column of pence. 2 and 
6 are 8, and 8 are 16, and 3 are 19, and 9 are 28, and 6 are 
34, and 8 are 42, and 4 are 46; and since 40 pence make 
3s. and 4d., 46 pence are 3s. and 10d.: 10 and carry 3. 
3 and 7 are 10, and 3 are 13, and 6 are 19, and 2 are 21, 
and 7 are 28, and 3 are 31, and 7 are 38; then, proceeding 
downwards, you point to the several ones in the shillings 
column, on the left, each 1 standing for ten, and say, 48, 58, 
68, 78, 88; so that this column amounts to 88 shillings; and 
since 80 shillings make £4, you put down the 8 shillings, 
and carry 4 to the column of pounds, the sum of which is 
128 ; so that the total amount of all the bills is £128 8s. 101d. 

The work of examples in compound addition is all so 
similar to this, that you cannot require any further explana- 
tion to prepare you for the following Exercises, which are 
chiefly intended to give you practice in the tables. 





Eeercises. 

Money. 
£. s. d. £. s. d. £. 8 a. 
1 1811 23 2.142 18 0 3.873 10 44 
17 O 44 26 9 327 13 94 
016 3 1417 32 46 17 2 
2 5 84 273 0 Bi 92 8 102 
117 5 97 4 O84 174.16 74 
3 0 0 12 19 113 37.6 669:SCO0 
0 0 73 1 6 54 1815 88 

Time. 
d. kh. m™. dad. h. m. da. h. m. 2. 
4.1613 17 5. 23 19 11 6. 121 14 3 16 
9 2138 18 6 7 12 9 14 27 
12 17 3 15 17 24 93 21 36 41 
41 9 7 38 11 11 18 19 17 16 
16 21 42 24 23 55 237 12 010 
8 15 57 19 13 46 023 2 389 


hold instant communication, by night or by day, giving them the power, 
as it were, to annihilate space, enabling them to consult, admonish, in- 
form, condole with each other, as if they were in the same room; and, 
having ended their conversation, to turn aside, and one to find himself in 
London, and the other in Edinburgh.’’—(Sir W. Snow Harris’s ‘‘ Ru- 
dimen Electricity,” page 191.) 


? 
4 
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Avoirdupors. 
lb. oz. dr. ewt. gr. 1b. ewt. gr. lb. oz. 
7 10 14 11 8 5 317 9.23 0138 14 
17 11 9 17 119 14 2 16 13 
21 13 14 32 2 27 45 1 23 11 
6 | 8 1 1 1 9 327 8 
12 915 14 O 14 19 1 015 
Troy. 
oz. dwt. gr. oz. dwt. gr. lh. oz. dwt. gr. 
10. 7 13 18 1]. 9 12,19 12. 13 4 14 20 
5 16 12 10 17 17 6 O17 2 
1119 4 021 3 0 920 1 
8 10 23 8 13 21 25 11 3 238 
10 O 20 7 012 16 112 18 
A pothecaries. 
dr. scr. gr. oz. dr. ser. lb. oz. dr. ser. gr. 
13. 0 2 15 14.10 6 1 15. 911 2 1 14 
7 119 5 7 2 7 9 7% 2 5 
3017 1t 0 0 010 3 O18 
6 2 |] t: a, of 1 7 7 119 
4 116° 3 1 0 13 8 6 0 1 
Length. 
yds. ft. in. Sur. po. yds. ft. m. fur. po. yds. 
16. 126 1 9 17.714 8 2 18. 124 317 
37 011 625 5 1 47 620 4 
103 2 8 031 4 O 16 1 0 1 
46 1 0O 3819 1 1 230 7 33 5 
234 0 10 5613 2 2 6 1 2 8 
Square Measure. 
ac. 700. per. yds. ac. roo. per. yds. 
19. 127 3 21 13 20. 243 1 18 25 
35 1 17 22 465 2 11 29 
216 2 23 29 43 0 22 17 
13 0 12 17 @38 115 8 
0 1 8 380 27 2 815 
10 315 4 0 028 6 
1 1 20 18 0 036 0 
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(39.) Scptrraction or Compounn QUANTITIES. 


Rute 1. Place the smaller of the two quantities under 
the greater, so as that the several parts may be under those 
of the same denomination. 

2. Begin with the dowest denomination, and subtract, if 
the upper number be large enough; if not, increase it by as 
many as will make one of the next higher denomination, 
taking care, in this case, to carry 1, after the subtraction, to 
the next number you subtract: and proceed in this way till 
the subtraction is finished. 

For example, let it be required to subtract £178 17s. 94d. 
from £241 13s. Tid. 

Placing the quantities, as in the margin, £. 8 a. 
and beginning with the lowest denomination, 241 13 74 
you see that you cannot subtract 2 farthings 173 17 94 
from 1; you therefore increase the 1 farthing 
by 4, because 4 farthings make a penny: £6715 98 
you then say, 2 from 5, and 3 remain; 4, —_______—_ 
and carry 1. 1 and 9 are 10, and, increasing the 7d., which 
is too small, by 12d., because 12d. make a shilling, you say, 
10 from 19, and 9 remain; or, it is a trifle easier to say, 10 
from 12, and 2 remain, and 7 are 9: carry 1. 1 and 17 are 
18; 18 from 20, and 2 remain, and 13 are 15: carry 1. 
1 and 3 are 4; 4 from 11, and 7 remain: carry 1. 8 from 
14, and 6 remain: carry 1. 2 from 2, and nothing re- 
mains: therefore, the difference between the two sums is 
£67 15s. 93d. 


Exercises. 

£. 8. d. be 6s. fl: £. 8. d. 
1.2911 42 2.465 7 38 8. 2852 0 72 
13 16 84 258 14 632 568 9 1l14 

a. h. m. d. h. m. ahem &, 

4, 26 15 17 5. 117 21 43 6.14 13 5 18 
19 19 19 49 23 57 13 20 32 46 
yds. ft. in. . yds. ft. in. per. yds. ft. in. 
7 125 2 11 8. 346 1 7 §.18 5 2 1 


§1 1 6 157 2 10 6 0111 
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10. Lat.* 42° 23 19 N. 11. Lat. 37° 15’ 78. 
Lat. 36 49 25 N. Lat. 28 38 18 S. 

d. kh. m. see. 

12. Long. 125° 52’ 43” FE, 13. 16 21 42 13 
Long. 101 57 56 E. 12 22 58 39 

t. cwt, gr. lb. t. cwt. qr. lb. t. cwt. gr. lb. 
14.7 14 3 19 15.15 3 1 2 16.2 0 3 1 
318 1 27 9 1 317 017 O 26 
m. fur. per. yd. m. fur. per. yd. m. fur. per. yd. 
17.128 713 2 18.17 218 1 19.240 0 0 4 
53 6 87 #5 1 7 23 4 1388 612 5 

ac. roo. per. yd. ac. roo. per. yd. ac. roo. per. yd. 

20. 73 1 20 6 21. 24 014 O 22,1 2 3183 
19 2 37 11 17 3 23 31 0 3 9 28 
oz. dwt. gr. lb. oz. dwt. gr. lb. oz. dwt. gr. 

23. 138 18 5 24.9 5 12 12 25.14 1 3 18 
219 23 7 11:17 20 9 016 5 

c. yds. ft. in. c. yds. ft. in. c.yds. ft. tn. 
26. 146 26 271 27. 117 18 110 28. 700 0 0 
107 26 302 53 24 247 384 22 181 

sg. yds. ft. in. sg. yds. ft. in. sq. yds. ft. in. 
29. 273 3 17 30. 561 7 110 ol. 3882 4 46 
187 8 129 399 7T 1382 75 8 107 

gal, gt. pt. gal. = gt. _pt. gal. gt. pt. 

32. 164 3 0 33. 3492 O 1 34. 4306 1 0 
156 1 1 1783 3 #1 3621 2 1 


* Ex. 10, is to find the difference of latitude of two places on the 
earth, north of the equator; Ex. 11, is to find the difference of latitude 
of two places south of the equator; Ex. 12, is to find the difference of 
longitude of two places east of the meridian of Greenwich. The dif- 
ference of latitude of two places, one north and the other south, is found 
by adding the two latitudes together; and the difference of longitude of 
two places, one eas¢ and the other west, is also found by adding the two 
together; what is called the dyfference being, in each case, the interval, 
in degrees, minutes, and seconds, between the two places. 
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bu. pk. gal. gt. bu. pk. gal. qt. bu. pk. gal. gt. 
35.18 2 0 3 386.23 0 0 1 387110 1 0 2 
17 1 «1 «3 17 3 1 8 94 38 1 383 


(40.) MuxtipiicaTion oF CoMPOUND QUANTITIES. 


To multiply a compound quantity by any number, the rule 
is as follows :— 

Rue. Place the multiplier under the quantity of lowest 
denomination. Multiply this quantity by it, divide the pro- 
duct by the number of such quantities contained in the nezt 
denomination, put down the remainder, and carry the quo- 
tient to the product arising from the next term: and so on to 
the end. 

Notre. When the multiplier is greater than 12, and can 
be decomposed into factors, each not greater than 12, use 
these factors instead of the composite multiplier, and proceed 
by short multiplication. The table of factors, at the end of 
the book, will be of great assistance in supplying the proper 
factors of all composite numbers up to 10000. 


Ex. 1. Multiply £17 13s. 44d. by 7. £. 8. d. 
Putting the 7 under the lowest denomina- 1713 44 
tion, farthings, we multiply the 2 farthings 7 








by tke 7, the product is 14 farthings ; this 
divided by 4, the number of farthings ina £123 138 74 
penny, the next denomination, the quotient ——___—__— 
is 8 pence, and 2 farthings over; we therefore put down the 
2 farthings, namely, 4d., and carry 3: we then multiply the 
4 pence by the 7; the product is 28, which, with the 3 car- 
ried, make 31 pence; dividing these pence by 12, the num- 
ber of pence in a shilling, the quotient is 2, with 7 pence for 
remainder; so we put down the 7 pence, and carry the 2 
shillings. Multiplying now the 138. by the 7, the product is 
91, which, with the 2 carried, make 93 shillings; that is, 
4 pounds 138.: 13, and carry 4. And, lastly, multiplying 
the £17 by 7, and taking in the £4 carried, we have the 
whole product, £123 138. 74d. 
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2. Multiply £13 98. 83d. by 693. £. a a. 
By looking at the table at the end of 13 9 82 
the book, we find the multiplier 693 to be 11 
a composite number, of which the factors 
are 11, 9, and 7, we may therefore use 148 7 0o4 
these factors as multipliers, and proceed by 9 
short multiplication, as in the margin. 
‘You cannot require any explanation of the 1335 3 24 
work after attending to the operations in 7 


the example just given, so I leave it for ————__—_— 
you to carefully look over, and thence to £9846 2 83 
form your own opinion of the usefulness of 

the table of factors in calculations of this kind. 

When, however, you have to multiply a compound quan- 
tity by a large number, which cannot be decomposed into 
factors suitable for short multiplication, you may seek in the 
table for the number nearest to it that can be so decomposed ; 
employ the factors of ti1g number, and note the result: then, 
multiply the compound quantity by the difference between 
the given multiplier and that actually used, add the result to 
the former result if the multiplier used be Jess than the given 
one, and subtract if it be greater. 

There is another way of proceeding, thus: count the num- 
ber of figures in the multiplier, disregarding the units-figure. 
Multiply the compound quantity by 10, then the product by 
10, and so on, till the number of 10’s amount to the same as 
the number of figures counted: this done, multiply the com- 
pound quantity by the umts-figure of the given multipher, 
the first of the above products by the tens-figure, the next 
product by the hundreds-figure, and so on, till all the figures 
of the multiplier have been used: add up all these latter 
products, and the required product will be obtained. The 
work of the following example shows both methods, 

Notse.—You must always bear in mind, that a compound quantity can 
never be multiplied by another compound quantity ; nor by anything but 
a mere number, since multiplication means the taking a proposed quantity 
a certain number of times. You must at once see the absurdity of the 
following questions, taken from a recent work on what the author calls 
‘* Arithmetic ;’’ namely, ‘* Multiply 7 tons by 9 cwt.;”’ “ Multiply % of 
a £ by $ of a guinea;”’ ‘* Multiply ¢ of an acre by of a rood ;’’ and so 
on. As Mr. Walker justly observes (Philosophy of Arithmetic, p- 58), 
‘* You might as well be told to multiply 5 lbs. of beef by 3 bars of mu- 


sic.’’ J shall have occasion to direct your attention more fully to matters 
of this kind hereafter. 
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Ex. Muhtiply 7s. 102d. by 7985. 
By the table, 7986 = 11x11x11x6. 


£. 8. d. £. s. d. . d. 

0 7 103x1 0 7102x5= 119 53 
11 10* 

4 6 10} 318 114x8= 3111 8 
11 10 

47 15 42 39.9 7 x9= 355 6 38 
11 10 

525 9 44 3894 15 10 x7 = 2763 10 10 

6 ee 

a £3152 8 23 

3152 16 14 eesti 

Sub. 7 102 arising from the multiplier 1, above. 


£3152 8 23 


I need scarcely tell you, that examples of this kind may 
always be worked by common reduction; that is, you may 
reduce the compound quantity to the lowest denomination 
before multiplying, and then convert the product into the 
higher denomination. 


Exercises. 
£. 8. d. £. 8. d. 
1. 82 8 64x 5 6. 1913 54x 28 
2. 43 11 42x 8 7 21 9 10$x 343 
8.125 138 01x12 8. 38217 12x 504 
4.21718 94x11 9.103 11 81x 891 
5. 7384 19 72x 9 10. 379 18 72x 1617 
miles, fur. per. yds. miles. fur. per. yds. 
11.15 38 2 4x 75 14. 0 6 27 383x594 
12.17 7 O 5x 984 15. 1 5 19 1x605 
13. 238 1 381 2x 256 16.27 3 22 4x972 


* In multiplying by 10, you merely annex 0 to the number multiplied ; 
so that when anything below 10 is carried, you have only to annex it to 
the next quantity in the multiplicand. 
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days. ho. min. ac. 70. po. 
17.19 138 27 x4414 20.138 38 £17x511* 
sq.yds. ft. in. 
18. 16° 51’ 48” x 2812 91. 2 8 123x563* 


tons. cwt. gr. 1b. oz. dwt. 


gr. 
19. 14 18 2 11 x 243 22. 9 17 20x6161 


(41.) Division or CompounD QUANTITIES. 


Rue. Divide the greatest denomination first, put down 
the quotient; reduce the remainder to the next lower de- 
nomination; carry it, thus reduced, to the term of that 
denomination, in the dividend, and divide as before. 

Nott 1. When the divisor is a composite number, pro- 
duced by factors, none of which are greater than 12, use 
those factors, instead of the number itself, and work by short 
division. 

2. When the divisor is a large number which cannot be 
decomposed into suitable factors, you may regard the ques- 
tion as one of simple reduction: reduce the compound quan- 
tity to the lowest denomination in it, and then divide; the 
quotient will be a quantity in that lowest denomination, 
which, by reduction, may then be brought into the higher 
denoinination. 

Ex. 1. Divide £34 16s. 8d. by 24. £. 8s. ad. 

Here the divisor is a composite number, 8)34 16 8 
formed by the factors 8 and 3. Dividing ——— 
first by the 8, we say, 8 in 34, 4 timesand 3) 4 7 1 
2 over: this 2 being pounds, we reduce it ———-— 
to shillings, carrying the result, 40s., to the £1 9 O44 
16, and say, 8 in 56, 7 times; then 8 in 8, 
once. Dividing now by the 3, we say, 3 in 4, once, and 1 
over; so that 20s. is carried to the 7, and we say, 3 in 27, 
9 times; 3 in 1, no times, and 1 over: this ld. being 4 
farthings, we say, 3 in 4, once; so that the quotient is 
£1 93..0}d., the remainder being neglected, as we have no 
coin below the farthing. 

(42.) Now I have a remark to make upon this operation, 
to which you must attend. I have supposed that we have 


* See page 59. 
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been working the above example together, and have imagined 
ourselves as saying, “8 in 34, 4 times ;” “8 in 56, 7 times ;” 
and so on, as arithmeticians would say: but I must tell you, 
that we have been using incorrect language; and I am the 
more anxious to draw your attention to this, in order to show 
you how necessary it is in reading books of this kind, and, 
indeed, in reading any buok at all, that you should think for 
yourself, and not receive, without thinking, everything that 
you may find in a printed book. When you had said, as 
above, ‘8 in 34, 4 times,” and had put down the 4; suppose 
somebody had asked you what that 4 stood for, you would 
have answered, 4 pounds; and you would have been right: 
but how can 8 be contained in £34, £4 times? 4 pounds 
times is an expression which has no meaning. You see, there- 
fore, that the form of language employed above is faulty: 
we ought to have said, “ the eighth part of £34 is £4, and £2 
over ;” “the eighth part of 56s. is 7s.,” and so on; or, which 
is the same thing, “ £34 divided by 8 gives £4 for quotient, 
and £2, or 40s., for remainder ;” “ 568., divided by 8, gives 
7s. for quotient, and no remainder ;” and so on. You thus 
see that the only thing that requires correction, in what is 
done above, is the form of words used in describing the 
work ; but, as the result obtained is always correct, as to the 
figures, the faulty language, if thought the more convenient, 
may be allowed to pass; though it is mght that you should 
know what the objection to it is, and how it may be cor- 
rected. There is another thing too, to which your notice has 
been already called. You have seen that multiplication is 
a short way of finding the result of addition ; and that it tw 
nothing more than this: the multiplier always denotes the 
number of things, each equal to the multiplicand, that are to 
be added together, and the product gives their sum: the 
multiplier, therefore, can never be a commodity, as a sum of 
money, or a weight of goods; nor yet any measure of length 
or space; it is simply what is called an abstract number, 
denoting how many vepetitions or tumes some other abstract 
number, or concrete quantity, is to be taken.* 


* Among those who have advanced further into the practical applica- 
tion of arithmetic, there may be some who may think that this view of 
multiplication is in opposition to what goes by that name in books on 
mensuration, surveying, &c., where feet are apparently multiplied by 
feet, yards by yards, &c. ‘The fact is, however, that although concrete 
quantities are in such subjects said to be multiplied together, the phrase- 


Now, just a8 multiplication is an abridgment of addition, 
so it ba been said that division is an abridgment of repeated 
subtraction ; 80 it is: but it is also more than thie: we could 
not have any operation in multiplication which coald not be 
performed by addition, though there are plenty of operations 
in division which could not be performed by subtraction: 
how, for instance, could the example worked above be done 
by subtraction? A sum of money, which is a concrete quan- 
tity, a real commodity, is to be divided by 24, an abstract 
number, not 24 things; it would be nonsense to speak of 
taking an abstract number from a concrete quantity,—from 
real substantial things: when we divide a concrete quantity 
by 24, we merely seek that smaller concrete quantity which 
is the 24th part of the greater; or that smaller quantity, 
which repeated 24 times, makes up the greater. Division of 
a concrete quantity replaces subtraction, only when the 
divisor is a concrete quantity of the same kind also. A sum 
of money may, for instance, be divided by a smaller sum of 





ology is adopted solely for brevity, and to enable writers on those topics 
to express the rules of operation in a form easy of recollection, and free 
from that prolixity of language which the strictly correct form of ex- 
pression would seem to require. All that is meant is, that we are to 
proceed in applying the rules of mensuration, &c., as if feet could be 
multiplied by feet, yards by yards, &c., or as if, instead of these concrete 
quantities, they were merely abstract numbers, The direction for finding 
the surface of a rectangle is briefly expressed by saying, ‘‘ multiply the 
length by the breadth, the product will be the area in square feet, &c.’’ 
The meaning is, that we are to multiply these measures together as if 
they were not measures, but abstract numbers; and then to consider the 
product as if it were not an abstract number, but so many square feet, 
&c.; this is all that is to be understood by the expression ‘‘ feet multi- 
plied by feet produces square feet ;”’ and the same of all expressions of a 
like kind. Strange to say, however, there are books on arithmetic,—and 
books, too, of very recent date,—the authors of which, teaching the 
subject as they themselves have learnt it, that is, merely as a sort of 
mechanical jugglery with the nine digits—I say, there are modern books 
on arithmetic, the authors of which, finding the expression ‘‘ feet multi- 
plied by feet’’ tolerated, proceed to induct their deluded pupils into the 
mystery of multiplying cwts. by tons, money by money, and so on! 
What meaning they attach to their results no one knows; indeed, 
meaning, or any accounting for their processes by an appeal to reason or 
common sense, is what never enters the heads of these writers; they 
would, no doubt, just as readily multiply a house by a house, or one 
man’s name by another’s. There is perhaps no class of educational 
books which has done so much injury to the youthful mind as books on 
arithmetic. What a benefit would it be to the young if about five. 
sixths of existing works on arithmetic were collected in one vast pile, 
and burnt in Smithfield for scientific heterodoxy ! 
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money: in this kind of division, we merely seek how many 
times the smaller sum is contained in the greater; the quo- 
tient must evidently, therefore, be an abstract number. It is 
only when dividend and divisor are of the same kind, both 
concrete quantities of one sort, or both abstract numbers, that 
the operation of division can replace that of successive sub- 
traction. 

(43.) I have directed your attention to these particulars, 
in order that you may clearly see the true character of your 
operations in the multiplication and division of compound 
quantities, and to impress upon you, that a multiplier is 
always an abstract number, while a divisor may be either an 
abstract number, or a concrete quantity of the same kind as 
the dividend ; and, moreover, to prepare you for the rule for 
division in this latter case: this rule is as follows :— 


(44.) To divide a Compound Quantity by Another of the 
Same Kind. 


Rute. Reduce the two quantities to the dowest denomina- 
tion to be found in either, and then perform the division: the 
quotient will express the number of times the smaller quan- 
tity is contained in the greater. 

Ex. Divide £18 58. by £2 7s. 8d. 

ne 


Here the lowest denomination s. ad Be 8 
is pence ; we have, therefore, to 2 7 8 18 5 
reduce both dividend and divisor 20 20 
to this denomination, and then —— ——- 
to divide the pence contained in 47 865 
the dividend by the pence con- 12 12 
tained in the divisor, as in the —— — 
margin. We thus find thatthe 572 ) 4380(7244 
smaller sum is contained in the 4004 
greater 7 times and a part of a — 
time, expressed by the fraction 376 rem. 





215, which part is the 572nd 
part of the number 376. If the sum to be divided were 
diminished by 376 pence, then the other sum would be con- 
tained in it exactly 7 times. 


Exercises in both Rules. 


1. £148 168. 4d.+ 8 4. £106 198. 34d.+ 72 
2. 23713 5 + 14 5. 780 12 94 +168 
8. 56218 64+ 35 6. 83718 54 +273 
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7. 14cwt. lqr. 9lb.+18 9. 128° 45’ 52”-+125 
8. 823m. 7fur. 21 po.+11 10. 315d. 17h. 38m.+112 
11. 1784 ac. 3 roo. 32 per. + 105. 


12. £15 168. 9d. + £2 138. 5d. 

13. £89 lls. 73d. + £7 32. 44d. 

14. £126 7s. + £34 188. 13d. 

15. £321 17%. 39d. + £47 68. 92d. 

16. 73 cwt. 3qr. 13]b. + Sewt. Iqr. 14 1b. 

17. 78d. 18h. 49m. + 5d. lh. 2m. 

18. 79° 13’ 46” + 13° 5’ 18” 

19. 2tons 13cwt. 5lb. + 3qr. 17 1b. 

20. The mint price of standard gold is £3 17s. 103d. an 
ounce: what is the value of 1 lb. ? 

21.* The amount of money expended for the maintenance 
of the poor among the 607 Unions of England and 
Wales for the year ending at Michaelmas, 1851, was 
£3288192: how much, on the average, was expended 
by each Union ? 

22. A fruiterer offers a market-woman 120 oranges at 3 a 
penny, and 120 of a better sort at 2 a penny, and 
refuses to take any less; the woman offers to purchase 
the whole at 5 for 2d.; and the man, thinking that 
this is the same thing, lets her have them: how much 
did the woman save by this arrangement ? 

23. The building of the new Royal Exchange in London cost 
£400000; and after it was opened by the Queen on 
Monday, the 28th of October, 1844, the public were 
admitted to it for three days, when a subscription 
was made for the widows of four men killed during 
the progress of the works: the money received was as 
follows: 4 sovereigns, 1 half-sovereign, 1 crown piece, 
88 half-crowns, 992 shillings, 842 sixpences, 142 four- 
penny pieces, 5 threepenny pieces, 665 pence, 667 half- 
pence, and 25 farthings: what was the total amount, 
and what was each widow’s share ? 

24. If a dozen teaspoons weigh 90z. 18 dwt. 20 gr., what is 
the weight of each spoon ? 

25. Although a sovereign, when quite new, weighs very 


* These questions are of a miscellaneous kind; some of them require 
only the rules for reduction. This mixed character is intentionally given 
to them, that the learner may be accustomed to work examples without 
requiring to know what rude they come under. 
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nearly 123% grains, yet thero are only 113 grains of 
pure gold in it, the rest is called adloy, and is either of 
pure copper, or a compound of silver and copper :* for 
how many sovereigns was there gold sufficient in the 
312500 ounces supposed to have been collected in 
California during the year 1850? 

26. Find the value of the mass of gold in last Example, at 
the rate of only £3 17s. 104d. an ounce. Note. 
312500 = 10x10x5x5xX5x5xX5: see table of 
factors at the end. 

27. If 64 1b. of tea, at 4s. 8d. a pound, be mixed with 42 lb. 
at 4s. 4d. a pound, what per lb. will be the price of the 
mixture ? 

28. How much would the money which the Royal Exchange 
cost weigh in sovercigns, at 123 grains each;t and 
how many times as high as the Monument (202 feet) 
would they reach, if piled one on another, allowing a 
pile of 16 to reach an inch, which is about the case ? ¢ 

29. A bankrupt owes his creditors £2831, and proposes to 
pay them 13s. 23d. in the pound: how much money 
must he have to do this? 

30. What is the difference in the weight of 100000 sove- 
reigns and 100000 guineas; the weight of a sovereign 
being 1231 grains, and the weight of a guinea 1294 
grains ? 

31. From the 31st of December, 1829, to the 15th of Fe- 
bruary, 1831, there were coined at the Mint 2387881 
sovereigns: what was the weight of these, and what 
weight of pure gold was used in the coinage?§ (See 


Ex. 25.) 


* The pound troy, of sterling gold, contains 11 0z. of pure gold, and 
loz. of alloy; it is coined into 464% sovereigns. 

t That is, supposing each sovereign had lost, on the average, a quarter 
of a grain by use. It may be here mentioned, that gold coins are allowed 
to pass under the mint weight, in consideration of the effects of wear. A 
sovereign weighing 122% grains, is considered a legal tender; but not if 
it be below this weight. 

$ Of sovereigns much worn by use, about 17 would be required to 
make an inch: of new sovereigns, 16 would do. 

§ In expressing the weight of gold, it is not usual to employ higher 
denominations than pounds; when cwts. and qrs. are mentioned in troy 
weight, cwt. means 100 Ib., and qr. means 25 lb. 
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(45.) 1 am now about to explain to you one of the imost 
important parts of arithmetic.—the arithmetic of fractions. 
Learners generally consider it to be the most difficult part ; 
but I am sure that if you carefully attend to the explana- 
tions to be given, you will find the arithmetic of fractions to 
be quite as easy as the arithmetic of entegers. I have been 
obliged to mention the term fractions already, and to say a 
little about them; for you see they zz// force themselves 
upon our notice at a very early stage of arithmetic. I am 
now to speak of them more at length, and must begin by 
defining a fraction; that is, by telling you what a fraction 
really is. 

A fraction, strictly speaking, means a part of wnit, or 1; 
thus, one-half, two-thirds, three-fourths, &c., are fractions ; 
they are represented by the figures of arithmetic, in the fol- 
lowing way, namely, 4, 3, 3, &c. These are so many 
examples of the notation of fractions; the number below the 
short line is always called the denominator, and the number 
above it the numerator ; because the lower number always 
makes known to us the denomination of the parts, as to 
whether they are halves, or thirds, or fourths, &c., and the 
upper number tells us how many of those parts are meant ; 
that is, it enumerates them. If therefore a fraction such as 
4 were presented to you, you would at once know what was 
meant by it. Looking at the numerator, you would see that 
5 parts were represented, and looking at the denominator to 
learn what those parts were, you would see that they were 
sevenths ; you would thus know that the fraction, trauslated 
into words, is five-sevenths ; that is, if unit, or 1, were cut 
up into seven equal parts, five of those parts are represented 
by $. 

poe must see that it is very convenient to have a notation 
for parts of a unit as well as for whole units or integers ; 
and from what has already been said, you also see that, in 
strictness, a fraction is always something /ess than 1. But 
this strictness is departed from; the term fraction is extended 
to quantities greater than 1: thus, 7, §, 32, &c., are all called 
fractions, though each is greater than 1. The first stands for 
seven-fifths, the second for eight-thirds, the third for eleven- 
fourths, and so on. The meaning of the first is, that if 1 be 
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cut up into five equal parts, seven of such parts, that is seven 
times one of those parts, are to be taken; the meaning of the 
second is, that if 1 be divided into three equal parts, eight 
times one of those parts is to be taken ; and the third fraction 
means, that if 1 be divided into four equal parts, eleven times 
one of them is to be taken. Fractions such as these, where 
each denotes a quantity greater than unity, are called im- 
proper fractions,—the prefix tmproper reminding us that the 
strict meaning of the word fraction is departed from, a 
proper fraction always having the numerator less than the 
denominator. Even when the numerator is egual to the de- 
nominator, the thing is still called a fraction—an improper 
fraction, of course; thus, 3, £, £, &c., are all called fractions, 
though in fact each is only a peculiar manner of writing down 
unit, or 1, since three-thirds, four-fourths, &c., each make one 
whole. There is thus no restriction upon fractional notation ; 
you may write any number you please for numerator, and 
any number you please for denominator, and what you put 
down will be entitled to be called a fraction. 

(46.) I think from what has now been said, you will sce 
that fractions are a good deal like those quantities with which 
you have been occupied in the preceding articles, where both 
the number and the denomination of the things dealt with 
are to be considered, the chief difference being merely in the 
notation. When the things dealt with were pounds, in 
money, the denomination was expressed by the mark, or 
symbol, £, written against the number of pounds; when the 
denomination was ounces, the symbol oz. was employed in 
the same way; and soon. In like manner in fractions, both 
number and denomination have to be expressed ; but here a 
different notation is used,—the number of the things being 
written above, and their denomination below a short line of 
separation ; so that when you are familiar with the notation, 
you ought to find no more difficulty in the arithmetic of frac- 
tions than in the arithmetic of whole quantities of diflerent 
denominations. 

(47.) You have already been told (p. 28), that this notation 
for fractions is also the notation for division ; so that 2 ought 
to mean not only tewo-thirds of unit, or 1, but also 2 divided 
by 3; and that 2 should express, indifferently, either three- 

fourths, or 3 divided by 4; and so on. And it is pretty 
plain that such is really the case ; for two-thirds, or the third 
part of 1 taken tecice, is obviously the same as the third part 
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of 2 taken once; that is, 2 divided by 3: also, that three- 
fourths, or the fourth part of 1 taken 3 dames, is the same as 
the fourth part of 3 taken once; that is, 3 divided by 4, and 
soon. Consequently, whenever you see a fraction, as $, 3, 
&c., you may read it either five-sevenths, nine-fourths, &c., 
or 5 divided by 7, 9 divided by 4, &c. Suppose, for instance, 
you had ? (that is, three-fourths) of 1 shilling, or 12 pence ; 
then, since one fourth is 3d., three fourths would be 9d., 
which you see is one fourth of 3s., or of 36 pence; that is, 
36 pence divided by 4 gives 9d. Again, 2 (that is, nane- 
fourths) of a shilling is 9 times one-fourth, or 9 times 3d., 
which 1s 27d., and 98., or 108 pence, divided by 4, is also 
27d. ; and similarly in all cases: and it is of importance that 
you keep this fact always in remembrance. 

(48.) Before proceeding to the arithmetic of fractions, I 
have only further to add, that 

1. A whole number, that is an integer, may be written in 
the form of a fraction, by merely putting under it 1 for 
denominator ; thus, 3 may be written £; 7 may be written 4, 
and soon. And that any number may be written for deno- 
ininator, provided only the product of that number and the 
proposed one be written for numerator; thus, if we wish to 
write 3 in a fractional form, with 5 for denominator, we must 
write 8x5, or 15, for numerator, the fraction being },, 
which is, of course, the same as 3. In hke manner, T= %, 
or = +2, or = 4,9, &c. The numerator and denominator of 
any fraction are called the ¢erms of the fraction. 

2. A number consisting of two parts, one whole and the 
other fractional, is called a mixed number: thus, 24, 334, 
22,9,, &c. are all mixed numbers, Such mixed numbers may 
always be reduced to wnproper fractions; and, on the other 
hand, an improper fraction may always be reduced to a 
mixed number. It will be as well to commence the subject 
by showing how these reductions are to be made. 


(49.) To reduce a Mixed Number to an Improper Fraction. 


Rutz. Multiply the whole number by the denominator of 
the fraction connected with it. Add the product to the nu- 
merator, and write the denominator of the fraction underneath, 
with the short line of separation between, and you will have 
the improper fraction required. 

Thus, if 3$ be the mixed number, consisting of the integer 
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3 and the fraction $, we should say, 3 times 7 are 21, which 
added to the numerator 5 make 26, which is therefore the 
numerator of the equivalent improper fraction, the deno- 
minator being the same as that in the given fraction: there- 
fore 3$=%$. In like manner, 42=85; 164=43; 1343= 
128; and so on. And this merely amounts to writing the 
given whole number in a fractional form with the given 
denominator for tts denominator; thus, taking the last in- 
stance above, namely 1317, the 13 is the samo as 9 times 13 
divided by 9; that is, 13147; therefore 13 and 1), or, as 
it is written, 1313}=12°. The reason of the rule is thus 
evident. 


(50.) To reduce an Improper Fraction toa Mixed Number. 


Ree. Actually perform the division denoted by the 
fraction, and to the quotient annex the remainder with 
the divisor underneath; that is, complete the quotient by 
adding the fractional correction. Thus, performing the di- 
vision implied in 2, the anteyral part of the quotient is 3, 
with 5 fur remainder; so that the fractional part of the 
quotient is $: therefore the complete quotient is the mixed 
number 34. 

These two rules are so easy and obvious, that but a very 
few exercises in them need be given. 


Exercises, 


Reduce 732 to an improper fraction. 
Reduce 173 to an improper fraction. 
Reduce 439 to a mixed number. 

. Reduce 2275 to a mixed number. 

. Reduce 2383 to an improper fraction. 
Reduce #1822 to a mixed number. 
Reduce 201624 to an improper fraction. 
Reduce 12431 to a mixed number. 


GLI Or yh Go bo 


(51.) Zo reduce Fractions with Different Denominators to 
others with Equal Denominators. 


This reduction is called the reduction of fractions to a 
common denominator: it is a change necessary to be made 
in fractions of different denominators, before they can be 
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either added together, or subtracted one from another. You 
will be prepared to expect this; for you know that things of 
one denomination cannot be added to or subtracted from 
things of a different denomination, till they are prepared in 
this way: shillings and pence, or cwts. and Ibs., cannot be 
united together in one result, without distinction of deno- 
mination, unless the differing denominations be first changed 
to common denominations, that is, to denominations the same 
in, or common to, both. In like manner, 2 cannot be either 
added to or subtracted from #4, till the fractions are changed 
into others, equal to them in value, and of a common deno- 
minator; since thirds and fifths, being different denomina- 
tions, cannot be united together in a single denomination. 
The desired change may always be effected by aid of the 
following principle; namely, Jf both terms of a fraction be 
multiplied by any number, the two products may be put for 
the terms themselves ; and this is only saying, that we may 
multiply a dividend and its divisor by any number we please, 
without altcring the quotient: and it is plain, that the quo- 
tient of a dividend by its divisor, is the same as the quotient 
of twice the dividend by ¢wice the divisor; three times the 
dividend by three times the divisor; and so on, for any num- 
ber of times: if, for instance, a sum of money is to be divided 
among a certain number of people, the share of each must be 
the saine as if ¢eice the sum were to be divided among teczce 
the number of people, or as if 8 times the sum were to be 
divided among 8 times the number; 10 times the sum among 
10 times the number; and so on. The liberty thus given to 
us, to multiply the terms of a fraction by any number we 
please, enables us to change those fractions having different 
denominators into others, equal to them in value, but with 
the same denominators, by the following rule :— 

(52.) Rutz 1. Multiply the numerator of each fraction 
by the product of the denominators of all the other fractions : 
the several results will be the several numerators of the 
changed fractions. 

2. Multiply ald the denominators together: the product 
will be the denominator common to all. 

Thus, to change the fractions 4, 2, 4, into others of the 
same value, and with a denominator common to all, we mul- 
tiply the numerator 1, of the first, by 45, the product of the 
denominators 5 and 9 of the other fractions; we then mul- 
tiply the numerator 3, of the next fraction, by 18, the product 
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of the denominators 2 and 9 of the other fractions; and, 
lastly, we multiply the numerator 7, of the next fraction, by 
10, the product of the denominators 2 and 5 of the other 
fractions: we thus get for the numerators of the new frac- 
tions, 45, 54, and 70; and for the common denominator, 
2x5x9 = 90. Hence the proposed fractions, 4, 2, 4, are, 
respectively, equal to #8, $4, 29: for these are no other than 
the former fractions, after numerator and denominator of each 
are both multiplied by the same number: both terms of the 
first fraction, 4, are multiplied by 45; both terms of the 
second, 3, by 18; and both terms of the third, 2, by 10. 
And similarly, in all cases, by following the directions of the 
rule, we multiply the terms of each fraction by the product 
of the denominators of all the other fractions; so that though 
the fractions are changed in appearance, they remain un- 
changed in value. 


Exercises. 


Reduce the following fractions to others of equal values, 
having a common denominator. 


1. 4 ’ 4 + 7 : = ’ 3, $ ’ + 
2.0 3 3 a es 
3. Ss p o 2 f & bh ¢£ 
4, 3, 4, 4. 10. § wp 4% 4 
5 mf rp F ee a ee) 
6 ye vo i 2% & b F 





(53.) You see, from these examples, that the rule just given 
will always enable you to convert a set of fractions, with dif- 
ferent denominators, into another set equal to them in value, 
with the same denominators. Any rule would do that would 
always supply us with a set of multipliers, for the terms of 
the several fractions, such that the products derived from the 
denominators should be all alike: the smaller such suitable 
multipliers are, the neater and simpler will be the changed 
forms ; and such smaller multipliers often suggest themselves, 
by merely passing the eye along the row of denominators ; 
for instance, if the original fractions were 4, 2, 3, you would 
see in a moment, that the denominators would give equal 
products if the first were multiplied by 4, the second by 2, 
and the third left as it is, without any multiplication at all: 
therefore, multiplying both terms of the first fraction by 4, 
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both terms of the second by 2, and leaving the third un- 
touched, we have the changed forms, ¢, $, $:—three fractions 
equivalent to the original ones, and all of the same denomina- 
tion—eighths. By the rule, the given fractions would have 
been changed into 34, 4%, 42, which are less simple in ap- 
pearance than the other set, though the same in value: the 
former would be converted into these by multiplying both 
terms of each by 8. You thus perceive, that before applying 
the general rule to a set of fractions, it will always be pru- 
dent to look a little at the row of denominators, and try to 
find out, whether smaller multipliers than those which the rule 
would give you cannot be discovered: the smallest possible 
always can be discovered by a mode of proceeding which I 
will show you presently: but the fewer the rules you depend 
upon the better; a little thought and attention will often 
supply their place. I shall therefore give you a few fractions 
to be reduced to a common denominator, without appealing 
to the rule; first, however, noticing that, as the terms of a 
fraction may be multiplied by any number, so they may be 
divided by any number, whenever such division is possible: 
thus, # is reducible to 3; 8 to $; and so on, as is plain, 
because by multiplying both terms, we know that 2 = 4, 
$= 56, &c. It would be considered as an arithmetical 
fault in a person, who pretended to a knowledge of fractions, 
to leave a fraction at the close of his work, of which the 
numerator and denominator have an obvious common divisor. 
Be careful to avoid this fault: never allow your work to end 
with such a form as +6, or 38, or 3#, &c., where the sim- 
plifying divisors are obvious: the final forms in which these 
fractions should be put, are 3, 2, and 5, which are incapable 
of further simplification. In the fractions which form part of 
the complete quotients, in the exercises on Division (p. 35), 
instances occur, where what would now seem an obvious 
simplification, is neglected; but you could not be supposed 
to know then, that the terms of a fraction might be divided 
by a number without changing its value. 

Tt may be of use to you to know and to remember, that a number is 
divisible by 2, if its last figure be either an even number or 0; that it is 
divisible by 3, if the sum of its digits (or figures) be divisible by 3; by 4, 
if the number expressed by its last éwo figures be divisible by 4; by 8, 
if the number denoted by its last ¢hree figures be divisible by 8; by 5, if 
its last figure be either 5 or 0; and by 9, if the sum of its digits be 
divisible by 9, 

E 


(54.) To give you some guidance in this search, I will show you how 
to proceed with Example 21, below. You observe here, that the deno- 
minators 4 and 6, of the first and third fractions, have a common factor, 
2; the one denominator bemg 2x2, and the other 3x 2. Now these 
denominators will become equal if the factor 3 be introduced into the 
fret, and the factor 2 into the second ; for then each will be composed of 
the same factors, 2, 2, and 3; therefore, multiplying the terms of the 
first fraction by 3, and the terms of the second by 2, the fractions be- 
come +f,, y; the other two fractions are +, x4. The only differing 
denominators are now 12 and 10; these have a common factor, 2; for 
they are 6 x 2, and 5x2; they are therefore made equal by multiplying 
the first by 5, and the second by 6. Hence, as before, using these mul- 
tiphers for the fractions last deduced, they become 4%, 4%, 38, ¢#- 


13. 3, ® wx 19. 3%, td ve 4 
14. 4, 4, $ 2020 & hb 4 F 
li. yp» YF HR 21.4 & bh ws 
166% 6p oe 22, vo an so F 
17. roe % $1 23. 24, fm 4 4 
18 4 vw bs 24. 34, 3) an tty 


The reduction of fractions to others with a common deno- 
minator, besides being a needful preparation for adding and 
subtracting, is often also necessary to enable us to see which 
of two fractions is the greater: thus, } and ,% differ so little, 
that till you find, by multiplying each numerator by the 
denominator of the other fraction, that 2x 11 exceeds 3x7, 
you would not know that the first is the greater. 


ee 


(55.) AppITION or Fractions. 


Rue. Reduce the fractions to others having a common 
dénominstor. Add the numerators of the latter together, 


* I need scarcely say, that when fractions are changed to others with 
equal denominators, it 1s not possible to preserve this equality, and at the 
same time to express each fraction in its lowest terms: as the terms of 
one or more of the given fractions have to be multiplied by some number 
to bring about the equality of the denominators, both objects cannot, of 
course, be accomplished. 
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apd under the result write the common denominator; the 
fraction thus formed will be the sum of those proposed. 

If any mixed numbers are to be added, the fractional 
portions only of such numbers are to be added by the pre- 
ceding rule, and the sum of the integral parts -to be added 
afterwards. 

Note. Those fractions, of which the denominators have a 
factor in common, you will find it much more convenient to 
add two at a time, as in the examples 2, 3, and 4, below. 

Ex. 1. Add together the fractions 3, 3, and $. 

These reduced to a common denominator are $9, $3, and $9 ; 
and 3$-+$3+4§9—=119=211, the sum. 

2. Required the sum of 28, 14, and 4%. 

Here, taking the fractions only, we see at once that the 
first and third are 4%; and 58, the sum of which is 18=14 ; 
therefore, taking in the second fraction, we have 34+ #=>,4 + 
,=H ; and since the sum of the whole numbers is 24+1+41 
= 4, the sum of the proposed quantities is 441. 

3. Add together 3H, 28, and 622. 

Here it is at once seen that the denominators 40 and 36 
each have a common factor, 4; the first two fractions may 
31 "29 
10x4 9x4 
minators will be the same, if the first be multiplied by 9 and 
the second by 10; for the factors of each will then be 4, 9, 
and 10. Consequently, £4+22 = 2294220 = 569 = 1208, 
The third fraction, after multiplying its terms by 2, is 48; 
and £92 + 48 = 4045 + 2656 = 1,201.; hence the sum is 
11,295. The reason why I changed £2 into +% was, that 50 

is &@ more convenient number to multiply by than 25. 

4. Add together 55, 35, +4, and 18. 

The denominators of the first two fractions are 4x 4 and 
3x4; these are made alike by the factor 3 for the first, and 
4 for the second; using therefore these for multipliers, the 
first two fractions become changed into 4%, 49. The deno- 
minators of the other two fractions are 5x 3 and 5x8; they 
are made alike by the factor 8 for the first, and 3 for the 
second. Hence the last two fractions are changed into 3%, 
vs. The only differing denominators are now 48 and 120; 
that is, 24 x 2 and 24x 5, which are made alike by the factor 
5 for the first, and 2 for the second ; therefore, using these 
for multipliers of 2% and .,§,%,, the sums of the pairs of frae- 
tions above, we have, finally, 445 +218 —=323=— 1,83, 

E2 


therefore be written ; so that the two deno- 
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And this is the way in which you should proceed in work- 
ing the following exercises, reducing the fractions to a common 
denominator, by the rule, only when no two of the denomi- 
nators have a factor in common. If you are only careful 
always to select the greatest factor in common, your changed 
fractions will always have the deast common denominator. 
A rule will presently be given for enabling you to find the 
greatest common factor of two numbers, however large those 


numbers may be. 


Evrercises. 
1. 34244. 9. E+ +48 
2. $4344. 10. 1 +3b 3% + 3u% 
8. etyotht 1. P+ hb + UR + Uy 
4. se t$+ 6. 12 tet ge tay 
5. 2543844. 13. 2841+ lta. 
6. 88+ 5143. 14. 68-41 ay tay +3 
T. PS +aGt5>- 15. Sgtart ast 4ay 
8. atest lh 16. 25+ ley + y's +4 
—— > 


(56.) Suprraction or Fractions. 


Rue. Reduce the fractions to a common denominator, 
which place under the difference of the changed numerators. 

As in addition, after the fractions are broucht to a common 
denominator, the numerators only are added, so in subtrac- 
tion, the numerators exly are subtracted ; the common deno- 
minator in both operations being preserved, as it is merely 
that which denotes what the things added or subtracted are. 

Ex. 1. Subtract $ from 4. Lere 4—#=—28—25=,3,. 

2. Subtract 23 from 4,5. 

Here 443, —-28=414—2,5=2,%. 

3. Subtract 32 from 74. 

Here 73—33=78,—3,; 3% cannot be taken from 58, 
we must therefore increase the 8, by a unit, or 43, borrowed 
from the 7, thus converting the operation into 622—3),= 
841, And similarly in other such cages. 


Exercises. 


1. 8¢—24, 3. 11—3. 5. 24-18, 
2. 1$—8. 4. L2—4, 6. 45 —3}f 
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1. 5LR—444. 16. 43%—2,7,—14. 

8. 449415. 17. 88—14+4 58-2. 

9. 142-42. 18. 94—73—1244. 
10. 2224 3,9,—4,8,. 19. 1133—6,,—24—11. 
LL. 6yy+ 1q%—58. 20. 437 +2 —,—348,. 
12. 54—62+4 18. 21. 532 —2+ 38 +4. 
13. 838;—3;2,—25. 22. 73—5i—gL—Ls. 
14. $$+54—64x. 23. 1312—128,—8—4,. 
15. 1034—72,—2s55. 24. 1524+12—1421438, 

ai 


(57.) MuLTIpiicaTIon oF FRACTIONS. 


When anything is multiplied by a fractton, the operation 
performed is, in reality, something more than mere multiplt- 
cation, in the sense in which that word is used when the 
multiplier is a whole number: thus, if anything is to be 
multiplied by 4, the meaning is, that we are to take one-fifth 
of that thing once ; if it is to be multiplied by 2, the meaning 
is, that we are to take one-fifth of it twice ; if by $, we are to 
take one-fifth of it three times; and soon. It is so far like 
ordinary multiplication, that it signifies repetitions, or the 
taking of a quantity a certain number of times: but then it is 
not the whole of this quantity, but only a part of it that is 
taken that number of times: the part to be taken is made 
known to us by the denominator of the multiplier; the num- 
ber of times it is to be taken, by the numerator. 

Suppose we have to multiply } by 2; the meaning is, that 
we have to take a fifth part of $ twice: now, by the fifth 
part of anything, is meant that thing divided by 5; in the 
proposed instance, it is } divided by 5; but #, is 3 divided 
by 7, and if there be another division by 5, the result is of 
course the same as if 3 were at once divided by 5x 7, or 35; 
so that a fifth part of # is ~; and, consequently, two-fifths 
must be 3%; we thus see, that }x2 = 4%, 80 that the pro- 
duct of the two fractions is nothing more than the product of 
their numerators divided by the product of their denomina- 
tors ; and, moreover, that 3 multiplied by 2, and 2ths of }ths, 
or #ths of 3ths, are one and the same in meaning. This must 
be kept in remembrance. 

_ Although only a single instance is here taken for illustra- 
tion, yet you will easily see, that the same reasoning would 
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apply to any two fractions whatever, and therefore that the 
following rule must be true for all cases. 

Ruiz. Multiply the numerators together, and you will 
get the numerator of the product. Multiply the denominators 
together, and you will get the denominator of the product. 

Note 1. If a multiplier be a whole number, it may be 
considered as a fraction with 1 for denominator: if a mul- 
tiplier be a mized number, it must be converted into an im- 
proper fraction. 

2. It is very likely, that in a row of fractions to be 
multiplied together, there may be found factors in the 
numerators equal to factors in the denominators ; if so, cancel 
them, or omit them in the multiplications; for there is no use 
in preserving common factors in numerator and denominator 
of the product, which ought always to be in the lowest terms. 
And, on this account, if a fraction is to be multiplied by a 
whole number, it is better to divide the denominator by the 
number, whenever the denominator exactly contains it. 

Ex. 1. What is the product of 2, 21, and #? 

Reducing the mixed numer to an improper fraction, we 
oer 2 = 9 ¥ 2 2x3xd3x2_ 

8° 4° 7° 8x2x2x7 ™ 

As here the factors, 2 and 2, furnished by the numerators, 
are the same as the factors of 4 in a denominator, these com- 
non factors are cancelled; also, since there is a factor 3 in 
the numerator 9, the same as a denominator, these two 38 
are also cancelled; so that, after the cancellings, there re- 
mains only 3 in the numerator, and 7 in the denominator ; 
and, therefore, the product is found without actually mul- 
tiplying at all. 

2. Multiply 4 of 33 by $ of 22. 

4 16 8 5 2xilé_ 32 
5% 7% 9 = 3x7 ma 

In working this example, I would recommend you to pro- 
ceed thus: having written down all the given fractions, with 
the signs of multiplication between them, as above, and 
having put the sign of equality, draw the line that is to 
separate the resulting numerator and denominator, before 
putting anything above or below; then, looking at the first 
numerator, 4, examine the row of denominators; the last of 
this row, 2, you find to be a factor of 4, therefore expunge 
or cancel this factor, putting only the other factor 2 above 
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the line of separation, and draw your pen through the deno- 
minator 2, to remind you, when you come to it, that it is 
done with: then, looking at the denominator 9, of the first 
fraction, and glancing at the row of numerators, you see a 3, 
which being a factor of 9, you put only the other factor 3 
below the line of separation, and draw your pen through the 
numerator 3, to show that it is cancelled. The next nu- 
merator, 16, has no factor belonging also to the uncancelled 
denominators; this 16, therefore, you put down as it is, 
against the number before put in the numerator’s place; and 
as the denominator 5 of the second fraction is cancelled by 
the numerator 5 of the fourth, you draw your pen through 
both, and pass on to the next fraction, and you see that the 
only uncancelled number remaining is the denominator 7; 
you write this, therefore, in the denominators place, against 
the number already there, and put the multiplication sign 
between the two; and you thus have the numerator and 
denominator of the product free from useless factors; that is, 
ou get the resulting fraction in its lowest terns. 

3. Multiply 2, 34, 5 and 2 of 2 together. 

Dig BO re ing oat et 41 
8° 4°1°4°5° 2x47 BOF 
2 

Here the first numerator 2 cancels a factor 2, in the next 
denominator 4, but as the other factor 2 remains uncancelled, 
you write the uncancelled 2 below the 4, which, with the 
numerator 2, is then crossed out: the first denominator 3 is 
also cancelled, with the fourth numerator, so that nothing as 
yet is put on the right of the sign =. Passing then to the 
numerator 13, you see that nothing below cancels it; you 
therefore put 13 in the numerators place, and the uncancelled 
2 below it. Passing now to the third numerator, 5, you see 
that it is cancelled by the last denominator; there remains, 
therefore, only the uncancelled denominator of the fourth 
fraction, and the uncancelled numerator of the fifth. 

In most books on Arithmetic, the cancelled figures, in 
examples of this kind, are printed with the cancelling marks 
across them ; but this gives the work an unsightly appearance ; 
and although I recommend this plan to you for your own 
private convenience, yet, in presenting your work to the 
inspection of another, I would not recommend it to be shown 
all defaced by these scratches: when they have served your 


purpose, they should be removed, or an undefaced copy of the 
work taken. 
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Exercises. 

1. Multiply 4 by 5%. 9. 48x $ of 3g. 

2. Multiply 33 by 22}. 10. }# of 93x 4 of 3}. 

3. 3x 5x of 3. 11. x 42%x ZF of 5. 

4. tof $ of 4. 12. x 73x 14x 4. 

5. 2x 448x2 of 5. 13. 34 of 42x ZL of 7. 

6. 12x 2$x 3h. 14, 1258 x 32 x 22 of 14. 

7. 234x 55% x7. 15. 183 x 5 x 14 x 4. 

8. 662 x 78 x 53. 16. 212x14x«K2x &. 
—_ 


(58.) Division or Fractions. 


You have already seen, that when you multiply by a 
proper fraction, the product is always /ess than the mul- 
tiplicand ; you will be prepared to expect, therefore, that 
when you divide by a proper fraction, the quotient will 
always be grcater than the dividend. If your divisor is a 
whole unit, or 1, the quotient is only equal to the dividend ; 
so that when your divisor is ess than J, that is, a proper 
fraction, the quotient must be greater than the dividend, for 
the less your divisor the greater the quotient, and if one 
divisor be a third part, a fourth part, &c., of another, the 
quotient due to that part must be three times, four times, 
&c., the quotient due to that other. All this 1s plain: sup- 
pose you have to divide by 3, that 1s, the fourth part of 3, 
the quotient must be four times the quotient you would get 
by dividing by 3 itself; so that you would get the true 
quotient by first dividing by 3, and then multiplying what 
you would get, by 4. Division by a fraction, therefore, 
would thus imply both division and multiplication, for what 
is here said of the divisor ?, you must see would equally 
apply to any other fractional divisor: the true quotient would 
always be got by dividing the dividend by the numerator of 
the divisor, and then multiplying the result by the denomina- 
tor. For instance, if you had to divide 3 by #, you would 
first divide the 4 by 5; this would give you ~,; for 2, first 
divided by 3, and the result by 5, is, in fact, 2 divided by 
15: but the true quotient must be 7 times the quotient ~j,, 
because your true divisor, naniely, $, is only a seventh part 
of the divisor 5; therefore, the true quotient is 18, x 7, or 44: 
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you thus see, that the quotient of one fraction by another, is 
got by multiplying the numerator of the dividend by the 
denominator of the divisor, and the denominator of the divi- 
dend by the numerator of the divisor ; or, which is the same 
thing, the quotient is got by turning the divisor upside down, 
and then proceeding as if the operation were multiplication 
instead of division. Hence the rule. 

(59.) Rue. Invert the divisor, or make numerator and 
denominator change places, and then proceed as if it were 
multiplication. Mixed numbers are, of course, to be reduced 
to improper fractions, as before. 

Note. Before inverting the divisor, see whether the 
numerators of both fractions have a common factor; if they 
have, expunge it: see if the denominators have a common 
factor; if they have, expunge it. Remember to do this 
before applying the rule. 

Ex. 1. Divide 53, by +. 

Here $+ = $+4= 4x 4= 14, the factor 6, com- 
mon to both denominators, being cancelled before applying 
the rule, because if allowed to remain, it would enter numera- 
tor and denominator of the result. 

2. Divide 558; by 25. 

Here $3219 = +4 = Y xXyy = Wie = 224. 

3. Divide 7 x of gL by $ of 5. 

First, Jax 3! = 3 Second, 3x & = 3. 

Then, #}+} = % x 3= 48 = 7. 

In inverting the divisor here, the denominator 1 is omitted 
as useless. If the divisor had been 3 instead of 1, the divisor 
inverted would have been 3, since 3 is 2; and + would have 
been called the reciprocal of 3; the reciprocal of any number 
being 1 divided by that number: the reciprocal of a fraction 
is merely that fraction inverted; thus, 1+2=I1x= 4; 
1+} = 1x] = 4, and go on; so that the rule for division of 
fractions may be stated thus : multiply the dividend by the 
reciprocal of the divisor, and you will get the quotient. 


Exercises. 
l. P+ah 5. Ist 102. 9. $ of 23-44 of 23, 
2. 39. 6. 27-58. 10. 48+ of 4 of 6. 
3. 234-44. 7. & of +4. 11. aes of & of 2. 
4. ofa + 75%. 8. 3 of 14-35. 12 3 
age Sa af 
Note. A fraction like either of the fractions in Ex. 12 ig 
£3 
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called a complex fraction; the word complex implying that 
one of the terms of the fraction, at least, does itself contain a 
fraction. Each of the preceding exercises might have been 
written as a complex fraction, so as to dispense with the 
sign +; and this way of indicating division is often the 
more convenient, as will be seen in the next article: before 
proceeding to which, however, it may be well to state the 
two following obvious inferences from the rules for multipli- 
cation and division in a distinct form, on account of the 
frequent application of them. 

1. When a fraction is to be multiplied by a whole number, 
the correct product is obtained, whether we multiply the nu- 
merator by the number and leave the denominator untouched, 
or divide the denominator and leave the numerator un- 
touched ; the latter way, when the denominator is divisible 
by the number, is generally to be preferred. If the multiplier 
be egual to the denominator, the product is simply the nu- 
merator. 

2. When a fraction is to be divided by a whole number, 
the correct quotient is obtained whether we divide the nume- 
rator by the number, leaving the denominator untouched, or 
multiply the denominator and leave the numerator untouched ; 
the former when practicable is generally to be preferred. 


(60.) Zo find what Fraction one Quantity is of another 
Quantity. 


.The fraction that one quantity is of another is expressed 
by writing the former as numerator, and the latter as deno- 
minator; both quantities, if concrete, being first reduced to 
the same denomination. 

Ex. 1. What fraction of 2 is 4? 

Here we have only to divide 4 by 3; therefore 1x 3=3; 
so that 4 is $ of 2. 

2. What fraction of 123 is 7? 


U aoe the fraction required. 


122 63 
3. What fraction of £1 is 7s. 8d. ? 
Reducing these to the same denomination, we have 
TBs. 92 23 , 
308. 2407760: that is, 7s. 8d. isthe 28ths of £1. If ,8, 
had been replaced by 4, the result would have come out in 
the lowest terms at once, 
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4, What fraction of 88. 4d. is 38. 9d.? 
As 4d.=}s., and 9d.=4s., we have 33+ 84= 18+ t= 
+ $=,%,; 80 that 3s. 9d. is ,%,ths of 8s. 4d. 


Exercises. 


. What fraction of 58. is 18. 10d. ? 

. What fraction of 28. 6d. is 84d. ? 

. Reduce 3s. 11d. to the fraction of a guinea. 

. Reduce $ of 2e. to the fraction of £1. 

What fraction of a yard is 2 ft. 5in. ? 

. What fraction of a ton is 3 cwt. 1 qr. ? 

. Reduce 5% of 10 minutes to the fraction of an hour. 
. What fraction of 22 is 4 of 33? 

. What fraction of £1} is 728.? 

10. What fraction of 90° is 12° 23/3? 

11. What fraction of a week is 2d. 17 h.? 

12. What fraction of 13 is ,% of 21? 

13. What fraction of 23 is +5 of 13? 

14. What fraction of £7 138. 44d. is £2 14s. 21d. ? 
15. Reduce 3 roo. 21 po. 3 yds. to the fraction of 11 ac. 2 roo. 
6 po. 


(61.) Examples of Multiplication and Division of concrete 
Quantiives. 


Though the rules given for multiplying and dividing by a 
fraction or mixed number apply generally, whatever the 
things multiplied or divided may be, yet as these rules have 
been actually applied hitherto only to abstract numbers, it 
may be proper to give a few examples in which concrete 
quantities are concerned. 


Ex. 1. Multiply 7s. 14d. by 125, or 124. 
8. d 


DWOUAAM PWN 











: 8. d. 
7 1$x12 T xt 
12 7 
4 5 6 9)49 104 
0 5 64 for} 
—_—__—_——- 5 64 
£411 04 





Or, since 7s. 1dd.=71e.= 578., we have 57s. x 115= 198. x 
14594859, —9]1¢.=£4 11s. Odd. The best way to mul- 
tiply by 19, is to multiply by 20 and subtract the multiplicand. 
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2. Multiply 3 ton 7 cwt. 12 lb. by 23. 
The product by 3? may also be got 
ton. cwt. gr. ae by taking } from the whole, thus: 


4)3 7 0 12 
2 
614 0 24 
for} 016 3 8 
for 4 1 13 9 6 e*eeoee ees & 
42 5 


3. Divide £7 11s. 64d. by 543. 
This is to multiply by 13, which may be done by first re- 
ducing to the /owest denomination, but more easily as below. 


711 


20 





151 
12 
1818 
4 
1274 
13 
21822 
1274 


ton. cwt. gr. th. 
4)3 7 012 
016 3 38 


oe 210 1 9 for? 


£.38. d 


d. .8 di 
64 Or thus: 7 11 64, to be added. 


1241=13 


90 18 6 
s ad 


67)98 10 OF(1 9 48 


67) 94562 (144124 farthings. 
67 


275 
268 
76 
67 
92 
67 


25 


4) 1411425 


12) 3522 


ey 


20) 29 4 


£1 9 42439f 


67 +n 
3l 
20 
630 
603 
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Exercises. 


» Multiply £12 11s. 6d. by 123. 

. What is the value of # acre at £2,5- per acre? 

. Multiply 178. 54d. by 7542. 

. A person walks 772 miles in 103 hours, at what rate is 
that per hour ? 

- Seven pieces of cloth, each containing 112 yards, cost 
£542, what was the price per yard ? 

6. Three persons, A, B, C, purchase property worth £625 ; 
A purchases #, B 2, and C the rest: what is the worth 
of each person’s share ? 

7. The total amount of gold exported from San Francisco, 
in California, during the month of October, 1851, was 
6884875 American dollars; what was its worth in 
English money, an American dollar being j% of an 
English one? [American dollars differ in value in 
different States. ] 

8. A person has 3 of a cargo, worth £900, and wishes to 
sell 2 of his share ; what is it worth ? 

9. A person holding & of property worth £864 10s. wishes 
to dispose of as much of it as will produce £160 ; what 
share will he possess after the sale ? 

10. The true length of the year is very nearly 365 days 5 
hours 49 minutes; what is the length of the {4 part, 
or 7 weeks, considering a week to be the 52nd part 
of a year? 


wm Go ho 


ox 





(62.) To find the Greatest Common Measure of two or more 
Whole Numbers. 


By the greatest common measure of a set of numbers is 
meant the greatest number which will divide them all without 
leaving any remainder; a number being said to measure 
another only when it is contained in that other a certain 
number of times exactly: 3, for instance, measures 9, 12, 
15, &c., but it does not measure 10, 13, 16, &c. Of the 
numbers 8 and 12, 4 is the greatest common measure; that 
is, the greatest divisor common to them both: 6 is the 
greatest common measure of 12 and 18, as also of 12, 18, 
and 36; and soon. The words greatest common measure 
are, for shortness, replaced by the letters a. c. m. 

The chief use of a rule for finding the Gc. c. M. of two num- 
bers is to enable us to discover with certainty the lowest terms 
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in which any proposed fraction can be written. In the frac- 
tions hitherto considered, this object has been attained by a 
simple inspection of the numerator and denominator, as the 
factors common to both aro often sufficiently obvious to 
become readily detected by a little examination; in which 
examination the table of factors at the end will frequently 
be of assistance. I have postponed the general rule aboa to 
be given till now, because you should always endeavour to 
discover the greatest common measure in this way, without 
resorting to any such rule; for the operation by it is some- 
times long, though not difficult, and frequently ends by 
showing that no common measure exists. Moreover, it is 
not indispensably necessary that a fraction be reduced to its 
lowest terms: factors which obvtously enter both numerator 
and denominator should always be removed; but when the 
detection of them requires the aid of the rule below, they 
might, in most cases, be suffered to remain, without bringing 
any discredit upon the computer; for the simplified result is 
seldom worth the trouble of obtaining it. It is right, how- 
ever, that you should know the rule, more especially as it 
may be applied to other purposes. 

(63.) Rue. To find the a.c. m. of two numbers, divide 
the greater by the less; make the remainder a new divisor, 
and the former divisor a new dividend; then make the second 
remainder a divisor, and the preceding divisor a dividend, and 
so on, always dividing the last divisor by the last remainder 
till the remainder disappears, or becomes 0. The divisor 
which thus leaves no remainder Js the G.c.m. of the two 
numbers. If there be a third number, apply the rule to the 
G.c. M. of tzco and the third : and so on. 

Notre.—You may very often stop the process before it terminates in 
this way of itself. The divisors continually diminish in magnitude, and 
on this account, though the original numbers may be too large for you to 
detect their G. c. m. without a rule, yet the smaller numbers, which form 
the several divisors, may be small enough, after a step or two, to enable 
you to see by simple inspection what the c.c. m. of a pair of them is, 
and it so happens, that the G.c. mM. of any two of the divisors is always 
likewise the c. c. m. of the original numbers. And it is strange that 
this way of curtailing the work is not expressly pointed out in books of 
arithmetic. In the first example on next page, the process is carried on 
till it terminates of itself, for the purpose of showing you all the steps in 
fall; but after the first of these steps, the remuinder of the work is un- 
necessary. Your first remainder 92 will obviously divide by 2; the 
quotient 46 will also divide by 2, giving 23; the only different factors of 
92 are therefore 2 and 23. Now 161 will not divide by 2; but you find, 
upon trial, that it will divide by 23. Hence 23 is the G. c. m. 
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Ex. 1. Find the c.c.m. of 161 and 253; and thence 
reduce the fraction 4%4 to its lowest terms. 

Proceeding by the rule, as in the 
margin, the a.c. M. is found tobe 161)253(1 
23; we infer, therefore, that both 161 
numerator and denominator of the — 
fraction have 23 for their highest 92)161(1 
common divisor. Dividing them, 92 
therefore, by this number, we find — 
the fraction in its lowest terms to 69)92(1 
be +4, which is certainly a much 69 
simpler form than 3193. And I — 
may here observe, that we can often 23) 69(3 
form a much more correct estimate 69 
of the value of a fraction after it is — 
reduced to its lowest terms: you can form a better notion of 
7 elevenths of a thing than of 161 parts of it out of 253. 

2. Find the a.c.m. of 175 and 912. 

Here we find that the second divisor is 37, 175)912(5 


which obviously has no factor, unity not being 875 
considered as a factor; hence the numbers stots 
have no common measure, so that the fraction 37 


315 js already in its lowest terms. 

3. Reduce $232} to its lowest terms. 

Proceeding as in the 
margin, we arrive, after 12321)54345(4 
a few steps, at the re- 49284 
mainder 210, a number 
whose factors, it is very 5061) 12321 (2 
easy to see, are 10, 7, 10122 
and 3, the 10 being ——— 
composed of the factors 2199) 5061 (2 
2 and 5; so that the 4398 
G. C. M., if any common _—- 
measure exist, must be 663) 2199(3 
one or more of these 1989 
factors. A glance at —— 
the last figure of 663 (See Key, p. 61.) 210 
shows that neither 2 
nor 5 can be a divisor of it. It is easy to try 7, which is 
found not to succeed; but 3 does succeed: hence the @. c. Mm. 
of the terms of the proposed fraction is 3. And thus several 
steps of work are saved. Dividing numerator and deno- 
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minator by 3, we have 12321=—.4191.. which, after all, isa 
degree of simplification tov trifling to be worth the trouble by 
which it has been effected; but then this could not have been 
foreseen. The common measure 3 could have been easily 
found by inspection. 

(64.) The truth of the rule for the Gc. c. m. depends upon 
two general principles; namely, 1. Jf one number be divided 
by another, every factor common to dividend and divisor, 
must also be a factor of the remainder. For suppose two 
numbers, that have no factor in common, to be divided one by 
the other, and the remainder to be found: it is plain, that if 
the dividend and divisor were each to be multiplied by any 
number, 4, for instance, and the division then to be per- 
formed, we should get the same quotient as before; but the 
remainder would be 4 times the former remainder, because 
if you subtract 4 times a number from 4 times another num- 
ber, the remainder must be 4 times as great as it would have 
been if you had subtracted without multiplying the numbers 
by 4. You see, therefore, that when a factor is introduced 
into dividend and divisor, it is also introduced into the 
remainder; so that whenever a common factor exists in 
dividend and divisor, you would be sure to find it out by 
trying all the factors of the remainder. 

2. Whatever factor 1s common to remainder and divisor, 
also belongs to the dividend. For the dividend is equal to 
the product of quotient and divisor, with the remainder 
added: the portion of the dividend, furnished by the product 
of quotient and divisor, bas, of course, whatever factor the 
divisor has; so that if the other portion, namely, the re- 
mainder, have the same factor, it follows, that the sum of 
these portions, that is, the dividend itself, must have that 
factor. These two principles suggest the rule; thus, referring 
to Example 1, the greatest common factor of the remainder 
92 and divisor 161, is also the greatest common factor of 161 
and 253: in like manner, the a. c. M. of 69 and 92, 1s the 
G.c. M. of 92 and 161, and, consequently, from what has 
just been inferred, the a. c. M. of 161 and 253: and, lastly, 
the c. c. M. of 23 and 69, which we see is 23 itsclf, is the 
a. c. M. of 69 and 92, and, therefore, of 92 and 161, and of 
161 and 253. 

Exercises. 
1. Find the a. c. m. of 247 and 323. 
2. Of 272 and 425. 3. Of 57 and 63. 
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4. Of 408 and 527. 5. Of 1164 and 1261. 

6. Reduce +222, to its lowest terms, * 

7. Reduce $48 to its lowest terms. 

8. Reduce +43,53, to its lowest terms. 

9. Find the a. c. mM. of 5283 and 176491. 

0. A field is 169 rods long, and 156 rods wide: what is the 
length of the longest chain that will exactly measure 
both length and width ? : 

11. Three persons, A, B, C, having, respectively, £323, 
£456, and £551, lay it out in land, at the greatest 
price per acre that will allow each to spend the whole 
of his money: what was the price per acre, and how 
many acres did each buy ? 

12. Find the least number of ounces of standard gold that 

can be coined into an exact number of half-sovereigns : 

standard gold being £3 17s. 103d. an ounce.* 





(65.) To find the Least Common Multiple of a Set of 


Numbers. 


Any number that is exactly divisible by a set of other 
numbers is called @ common multiple of those others, and 
the east number that is exactly divisible by a set of others, 
is called the Jeast common multiple of those others: it is, for 
brevity, expressed by the initial letters, L. c. M. 

From knowing how to find the L. c. M. of a row of num- 
bers, we can always reduce a row of fractions to others equal 
to them in value, and, at the same time, having the lowest 
possible common denominator ; for the lowest common deno- 
minator will, of course, be the least-common multiple of the 
original denominators. Each changed fraction will have this 
L. c. M. for denominator, and therefore for numerator, it must 
have the product that arises from dividing the L. c. M. by the 
original denominator, and multiplying the original numerator 


* Asa hint towards the management of this question, the learner may 
be informed, that if the £3 17s. 10$d. be reduced to half-pence, and 
the number of half-pence be divided by the number in 108., the quotient 
will give the number of half-sovereigns and the fraction of a half-sovereign 
that can be coined from one ounce; he will then have to find the lowest 
number the dividend must be multiplied by to prevent the entrance of a 
fraction in the quotient. It will not be difficult for him to see that 
£3 10s. out of the £3 17¢. 104d. may be neglected in the work. He 
will find the least number of ounces to be 80, and the corresponding 
number of half-sovereigns to be 623. 
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by the quotient, because it is only by such multiplication that 
the original numerator and denominator come to be both 
multiplied by the same number. 

Before giving you a general rule for finding the L. c. M., it 
is, perhaps, better that I should show you, by an example, 
what appears to me to be the most convenient and obvious 
method of proceeding. Suppose the numbers 24, 10, 9, 32, 
6, 45, and 25, were proposed, we should have to discover the 
lowest number that would give a quotient free from fractions, 
when divided by any one of these seven numbers. Let us first 
divide the 24 by the 10, we shall have 24 = 22; and as the 
fraction 4% is in its lowest terms, with 5 for denominator, it is 
plain that we must take the dividend 5 times, a¢ least, in 
order to render the quotient free from a fraction; 680 that 
24x 5, or 120, is the least number which is exactly divisible 
by both 24 and 10. Again; 12° = 133, so that we must 
multiply the 120 by 3, at least, to make the quotient by 
9 a whole number: hence, 360 is the least number exactly 
divisible by 24, 10, and 9. Again; 3&9 = 11}, so that 
360 x 4 = 1440, is the least number divisible by 24, 10, 9, 
and 32: we need not attend to the 6, because whatever is 
divisible by 24 is also divisible by 6:* taking, therefore, the 
next number, we have 144° = 82, so that 1440 is the least 
number divisible by 24, 10, 9, 32, 6, and 45. Lastly, 
1440 = 53%; consequently, 1440 x 5 = 7200, is the L. c. M. 
of all the numbers. 

From this example you will be prepared for the rule I 
propose to give: it is as follows :— 

Ruiz. Take any two of the numbers for dividend and 
divisor. If the quotient have a fraction, reduce it to its 
lowest terms, and multiply the dividend by its denominator. 
Take the product for a new dividend, and another of the 
numbers for divisor: if the quotient have a fraction, reduce it 
to its lowest terms, and, as before, multiply the dividend by 
the denominator: take the product for a new dividend, and 
another of the numbers for a divisor; and so on, till all the 
proposed numbers have been used, omitting those which are 
obviously contained in any of the others, or in a dividend 
already found: the last product will be the u. c. M. 


* As 45 is one of the given numbers, we might, for a like reason, have 
neglected the 9; since whatever is divisible by 45 must be divisible by 9: 
or we might have neglected the 45, since whatever is divisible by 10, and 
9, must obviously be divisible by 45. 
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Note 1. If any quotient occur without a fraction, the 
same dividend is to be used with the neat divisor. 

2. When in going over the row of numbers you come 
to one which is a prime number (page 20), you should 
see, as you may readily do, whether this prime number be 
contained exactly in any of the preceding: if it be, you are 
to omit it, as the rule directs; but if it be not, then you will 
know that the quotient, arising from dividing your last divi- 
dend by it, must have a fraction with that prime number for 
denominator: you need not, therefore, be at the trouble of 
performing the division; you will merely have to multiply 
the dividend by the prime number, and then to pass on to 
the next number; but a still better way will be, to reserve 
these prime numbers, after having selected them from the 
entire row, and to apply the rule only to the composite num- 
bers into which the primes do not enter; and when you have 
got the L. c. M. of the composite numbers, to multiply it by 
the primes, one after another; of course, you are to take no 
account at all of such primes as are contained in any of the 
composite numbers. 


Exercises. 


Find the least common multiple of 
1. 8, 12, 18, 20 4, 24,16, 20, 30, 25 
2. 3, 9, 27, 81 5. 27, 24, 15, 126 
3. 2, 3, 4, 5, 6, 7, 8, 9 6. 242, 748, 21, 427. 

It may be as well to remind you here, that as 6 and 8, in 
Ex. 3, contain 2, 3, and 4, these latter numbers may be 
omitted ; and as 5 and 7 are primes, not contained in any of 
the other numbers, they may be reserved (NortE 2); so that 
you need apply the rule only to 6, 8, 9, of which the L. o. M. 
is 72: therefore, 72x 5x7 = 2520, the L. c. M. of the pro- 
posed numbers. The following example is also one in which 
you may, with advantage, avail yourself of Nots 2. 

7. Find the u. c. M. of 11, 12, 18, 14, 15, 16, 17, 18, 19, 
20, 21. 

Here there are four prime numbers, which you may reserve 
till you have applied the rule to the others. 

From what has now been said about the L. c. Mm. of a set of 
numbers, you can never be at a loss how to reduce a row of 
fractions to others equal to them, and having the least pos- 
sible common denominator: as observed at the commencement 
of Art. 65, when you have found the 1. c. m. of the deno- 
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minators, by aid of the above directiona, you will only-have 
to divide it by the denominator of the first fraction, to get 
the number by which the numerator must be multiplied, in 
order that you may have the proper numerator of the cor- 
responding changed fraction; and so of all the following 
fractions. In other books on Arithmetic, you will see rules 
for finding the L. c. Mm. different from that above: some of 
these may look shorter, but I think the one here given will 
be found as expeditious as any, while it is much more easy of 
proof, and of being borne in the memory. (See Key, p. 61.) 


PRACTICE. 


(66.) Practice is the name given to a set of operations in 
cothmercial arithmetic, by which the prices of commodities 
may often be calculated in an expeditious manner. 

From the examples of these operations which I shall here 
give, you will easily see what the peculiar method called 
Practice really is; and you will, at the same time, observe, 
that though it does not enable you to do anything you cannot 
do already by means of the rules for compound quantities 
before taught, yet, that in many cases, both time and figures 
are saved by replacing these rules by Practice; and such a 
saving is matter of consideration in actual business. When 
you are familiar with the method, it will be for you to deter- 
mine, in any example you may have to work, whether the 
former methods, or the method of Practice, or a combination 
of these two, be the most likely to save time and trouble. 

Ex. 1. What is the value of 48 tons, at 





£6 108. a ton ? 48 

Here, instead of reducing the money to 6 
shillings, and then multiplying by 48, we —— 
should regard the £6 108. as 64, working 288 
the example by multiplying the 48 by 6, 10s. ,| 24 
and adding the half of 48 to the product: —— 
the sum is, of course, the whole product of £312 





48 by 64, and the result comes out at once 
in pounds, without any reduction, as in the margin. The 
operation so conducted and so arranged is an operation of 
PRACTICE. 
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2. Suppose the price per ton had been 48 
£6 15s.: then, observing that 10s. is the 6 
half of a pound, and 5s. the half of 10s., the — 
operation would have been as here annexed. 288 
Here you see, that 48 times the £6 is 108. |4] 24 
£288; 48 times the 3£, or 108., is £24; 5s.|4| 12 








and as 48 times 5s. must be the half of this, —— 
we get the additional £12: so.that the £324 
whole sum is £324. 

You thus see, that by working examples of this kind by 
Practice, you avoid the trouble of reducing the compound 
quantity concerned to the lowest denomination, which appears 
in it, and then of reducing the result back again. In Practice 
the highest denomination is preserved, and the lower deno- 
minations considered as ALIquoT Parts, that is, exact 
measures of the higher; so that the chief thing you have 
to do, is to consider how these lower denominations may be 
most conveniently cut up into aliquot parts of the higher: 
thus, in the last example, the 15s. was cut up into 10s., the 
half of the highest anit, a £, and into 5s., the half of the 10s., 
or the fourth of the £. 

3. Suppose the price had been £6 17s. 6d. per ton: then 
the aliquot parts would have been 4 of a 48 
£ for 10s., 4 of 10s. for 58., and 4 of 5s. 





for the remaining 2s. 6d. : the work would 2 
therefore have stood ag in the margin. 288 
The fractions are put against the several 10 
; an s.{3] 24 
sums into which the shillings and pence ; 
58.14] 12 


are cut up, to show what aliquot parts 4. 6d. | 4 6 
they are; but you must avoid the error 


of saying you divide by 4, 4, &c., for £330 


you divide by 2, 4, &c., in order to get 
the half, the fourth part, &c. It is to 
prevent your falling into this error, that 48 
each fraction is placed, not beside the 6 
dividend, but beside the quotient. —— 

4. Suppose, lastly, the price were 288 
£6 7s. 103d. Tere you may cut up 5s.| 2} 12 
the shillings and pence as follows: 58. 28. 6d. | 3 6 
is JL; 2e. 6d. is } of 58.3 3d. is py 38d.j}3;| 0 12 
of 2s. 6d., or 30d. ; and, lastly, 134. 14d. | 4 0 6 





is } of 32. Hence the work is as in 
the margin. £306 18 
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5. If the price had been £6 8s. 103d., the work might 


have been conducted as here an- 


nexed, from which you will see that 48 
there is sometimes need for a little 6 
reflection as to the most convenient ——- 
set of aliquot parts. 288 


When you come to the bottom of 68. 8d.| 4 | 16 


this page you will see how, by a little 1s. 4d. | } 3.4 














contrivance, the work here given in 8d. | + 1 12 
the margin may be abridged. I give 2d. | + 8 
you the operation in this form at first, dd. | 4 2 
as also that of the next example, in 
order that you may become acquainted £309 6 
with the management of aliquot parts. 

6. Find the value of 76 at 138. 114d. each. 

In this example, the highest deno- 76 
mination being shillings, the first 13 
aliquot part taken is that of a shil- —— 
ling; for the portion of the price 228 
equal to one shilling, the 76 articles 76 
would be 76s.; therefore, for half —_—— 
that portion, that is, for the 6d., the 988 
sum is 38s. The total amount of all 6d.}i} 38 
the component portions of the entire 3d.;2} 19 
value is 1062s. 5d.: therefore, di- 2d.of6d.{/2} 12 8 
viding the shillings by 20, we have 24d. of 3d. | 4 4 9 
£53 28. 5d.* —— 

Sometimes you may abridge 1062 5 
the work by increasing the price ——— 
of the single article, and then 48 at £6 108. 
correcting the result, by sub- 6 
tracting what is due to the in- a 
crease: for instance, when the | 288 
price is 17s. 6d., preceded by 108.|3%] 24 
pounds or not, you may increase —_— 
it by 28. 6d., and then allow for £312 





the overplus, by subtracting the 


* As noticed above, the operation in the margin merely shows what 
the steps suggested by the rule of Practice really are; but the more com- 


pletely the principles of arithmetic are taught, the more independent of 


rules does the learner become. He who knows these principles well, 
need never ransack his memory for rules. The value of the 76 articles 
above, at 14s. each is 1064s. ; this diminished by 76 farthings, or 19 pence, 


that is le. 7d., leaves 1062s. 5d., as above. 
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amount for 3£: Ex. 3 might 48 at ls. 114d. 
have been worked in this way: 14d./}] 6 

but I shall illustrate what I mean am 

by taking Ex. 5. Here we see, 542. 

that by increasing the price by £312—£2 148.= 
1s. 134d., it becomes £6 10s. : the 
correct result will therefore be £309 6:2. 
found by computing the value of 
48 articles at £6 108., as at the bottom of last page, and 
subtracting from it the value of 48 at 1s. 14d. 

I shall work out for you only one more example, serving 
to show how you may sometimes combine Practice with 
Compound Multiplication to advantage: you will see that 
one part of the operation is performed by both methods. 

7. Find the value of 7cwt. 3qrs. 11 lbs., at £2 138. 1d. per qr. 

As the price is per qr., we reduce the 7 cwt. 3 qrs. to 
31 qrs., so that we shall have to multiply the price by 31, 
and then to take parts for the odd 11 lbs. : the first of these 
operations is here given in two distinct forms. 

















£. 8. d. £. 8s. d. £.8. d. 
213 1xIil slat213 1 213 #1 

10 2 ——_——. 
—_—_— — 7 Ibs. | 2 13 32 
26 10 10 62 4lbs. {3} 7 7 

3 10s. |2}15 10 ee 
———— 2% 6d./4! 317 6 £1 0 1023 
79 12 6 6d.j2} 15 6 —__—_— 
213 1 1d. | 2 27 





~J 


£82 5 7...for 31 qrs...£82 5 
———— 1 O 103 for 11 lbs. 


£83 6 51 the value sought. 


Of the two ways of finding the £82 5s. 7d., the first is to 
be preferred as the easier. 

Note 1. It is worth while to observe, that whenever the 
price of a number of articles at au even number of shillings each 
is to be computed, the shortest way is to take only half the 
number of shillings, to multiply the given number by this 
half, and put down the double of the first figure of the pro- 
duct for shillings, the remaining part of the product will be 


96 ARITHMETIC. 


pounds : thus, if you have to compute the 

value of 123 articles at 18s., the work is 123 at 188. 
comprised in only the few figures in the 9 
margin. By doubling the first figure 7 a 

of the product, for shillings, and not £110 14s. 
doubling the other figures, you get the 
same result as you would do if you were to multiply by 9 
and by 2, and were then to divide the resulting number of 
shillings by 20, as is sufficiently obvious. 


Nore 2. It may also be noticed here, that in the purchase of some 
kinds of goods, certain commercial allowances are made for the packages, 
chests, &c. containing them, as also for waste; and these allowances are 
deducted from the gross weight. The deduction for the package is called 
tare, and is generally at so much per cwt. This deduction is made first. 
The deduction for waste, which is made next, is called fret, and is an 
allowance of o,, or 4 of 54; of the weight, when diminished by the tare. 
Besides these, a trifling allowance is sometimes made to retailers, for what 
is called ‘‘the turn of the scale;’’ it goes by the name of cloff. The 
amount of these deductions may always be computed by Practice; and no 
special directions are necessary for executing the work: the deductions 
being made, the result is the net weight. 





£. 8. d. LHxercises.* £. 8. d. 
1. 87 at 216 6 7. 243 at 2 4 71 
9, 41 at 317 8 8. 317 at 4 3 94 
3. 79 at 5 11 7 9. 353 at 7 18 4 
4. 83 at6 3 64 10.417 at 3 9 2 
5. 183 at 113 84 11. 858 at 6 11 5 
6. 211 at 3 9 53 12. 519 at 7 19 10 


13. 4cwt. 2 qr. 5 lb. at 168. 4d. per cwt. 

14. 2 cwt. 1 qr. 13 lb. at £1 13s. 9d. per ewt. 

15. 38 yds. 1 ft. 7in. at £2 38. 74d. per yard. 

16. 17 yds. 2 ft. 8 in. at 138. 34d. per foot. 

17. 7 0z. 11 dwt. 18 gr. at 3s. 81d. per oz. 

18. 14 weeks 34 days at £1 12s. 6d. per week of 7 days. 

19. 3 months 3 weeks 3 days at £1 38. 10d. per week of 6 days. 

20. 127 ac. 3 roo. 37 per. at £3 68. 8d. per acre. 

21. 17 cwt. 3 qr. at £5 5s. per ton. 

22. 86 lb. 30z. 15 dwt. 18 gr. (troy) at £4 168. 4d. per oz. 

23. The Sydney Morning Herald (Aug. 1851) reports, that 
god to the arhount of from £5000 to £10000 reaches 

ydney, in Australia, daily, from the gold fields: 


* In working these exercises, the results are to be brought out to the 
nearest farthing, and are not to be encumbered with fractions of a farthing, 


24. 


25. 


26. 


27. 


28. 


29. 


30, 
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£3 8s. 4d. per ounce has been offered for all the gold 
Government might receive during two months: among 
the recent arrivals from Ophir was a lump weighing 
510z. 15dwt.; what would be the price of it at the 
above rate ? 

The number of acres growing hops in England, in 1850, 
was 43127: the duty on these was at the rate of 

£9 17s. per acre: required the whole amount of duty ? 

In the year ending Jan. 5, 1851, 2623656 gallons of 
spirits were imported into England from Scotland, and 
828138 gallons from Ireland; the duty paid on the 
transfer was 7s. 10d. per gallon: what was the whole 
amount of duty ? 

The prices paid at St. Thomas’s Hospital, London, for 
beef and mutton during the year 1850, were for the 
former 2s. 8d. per stone, and for the latter 3s. 4d. per 
stone: how much was paid for 13 cwt. of each ? 

The average pay of the crew of a foreign-going trading 
vessel is as follows: captain, £10 per month; mate, 
£5; second mate, £2 15s.; carpenter, £4; able sea- 
man, £2 5s. ‘The number of able seamen is 2 to every 
hundred tons registered: what is the pay of the com- 
pany of a ship of 800 tons for 107 days, allowing 30 
days to the month ? 

Every person in Great Britain who receives an annual 
income of £150, or more, must pay an income-tax of 
7d. in the £: what amount of tax must a person pay 
whose income is £2625 ? 

The dearest year for provisions ever known in England 
was the year 1813; the contract price of butchers’ meat 
paid by Government for the supply of Greenwich Hos- 
pital was then £4 5s. per cwt.: as the average charge 
for beef and mutton in 1850 was 3s. per stone, calculate 
the reduction in price per cwt. and per stone. 

The quantity of wheat sold in the United Kingdom in 
1850 was 4688246 quarters; of barley, 2235271 quar- 
ters ; and of oats 866082 quarters: the average prices 
for the year were, wheat, 40s. 3d. per quarter ; barley, 
238. 5d. per quarter; and oats, 16s. 5d. per quarter: 
what sum was received for the whole ? 
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PROPORTION. 


(67.) Four quantities are said to be in proportion when 
the first contains the second as many times and parts of a 
time, as the third contains the fourth, or when the complete 
quotient of the first, divided by the second, is the same 
abstract number as the complete quotient of the third divided 
by the fourth.* 

(68.) The complete quotient arising from dividing one quan- 
tity by another of the same kind is called the ratio of the former 
to the latter: thus the ratio of 6 to 3 is 2; the ratio of 6 to 
2 is 3; the ratio of 7 to 4 is 12; and so on. Ratio is thus 
only another name for quotient: the first term of the ratio, 
that is the dividend, is called the antecedent ; and the other 
term, that is the divisor, is called the consequent. When, 
therefore, four quantities are said to be in proportion, or to 
form a proportion, you are merely to understand, that the 
ratio of the first to the second is the same as the ratio of the 
third to the fourth ; in other words, that if you were to divide 
the first by the second, you would get the same complete 
quotient, as if you were to divide the third by the fourth. 
For example, the four numbers, 12, 2, 18, 3, form a propor- 
tion, because the ratio of 12 to 2, namely 6, is the same us 
the ratio of 18 to 3. Instead of saying in words that these 
four numbers are in proportion, it would be sufficient to 
write them in a row, with dots betwecn them, as follows: 
12 ; 2 :: 18 : 8, which would be read, 12 a to 2, as 18 to 
3; or, as 12 is to 2, 80 18 18 to 8. You see that the two 
dots which separate the terms of each ratio, differ from the 
sign for division (-+) only by the little mark between them; 
and, in fact, the notation just employed is only the same as 
12+-2 = 18+3, and you may always regard a proportion in 


* The learner will observe, that I say here the same abstract number, 
because a ratio, implying the relation of one quantity to another with 
respect to the magnitude of them, can exist only between quantities of the 
same kind. It has already been seen (page 62), that divistun and quo- 
tient, unlike multiplication and product, are terms that are used in 
different senses: we are said to divide a concrete quantity by 4, when we 
take the fourth part of that quantity; which fourth part we are accus- 
tomed to call the quotient. If division were restricted to mean the finding 
of how many times one quantity is contained in another, the operation 
just noticed would be excluded; the term quotient is to be understood in 
this restricted sense when used for ratio. 
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this light ; indeed, you will often find the term proportion to 
be briefly defined as “an equality of ratios,” or quotients. 
(69.) I think, from this explanation, you clearly see the 
meaning of ratio, as applied to two numbers, and of propor- 
tion, as applied to four; that if two numbers were proposed, 
you could tell the ratio of the first to the second; and that if 
four were proposed, you could find out whether they were in 
proportion or not: thus, if the two numbers 24 and 6 were 
proposed, you would know that the ratio of the first to the 
second is 4; that the ratio of 8 to 2 1s also 4; and you would 
thus infer, that the four numbers, 24, 6, 8, 2, are in propor- 
tion; or, that 24 : 6 :: 8: 2. Again; the ratio of 17 to 4 
is 83, so that the four numbers, 24, 6, 17, 4, are not in pro- 
portion ; the ratio of the first to the second being greater than 
the ratio of the third to the fourth. In like manner, the ratio 
of 6 to 8 is ¢ or 2; and the ratio of 15 to 20 is 28 or 3; 
therefore, 6: 8 :: 15: 20; also, 6 : 8 :: 3: 4. When 
you have once got an antecedent and consequent, that is, the 
two terms of a ratio, you can easily get another antecedent 
and consequent, that is, two other terms, in the same ratio ; 
and can thus form a proportion, having the given antecedent 
and consequent for the first two terms of it: suppose, for 
instance, you had 6 and 8 for antecedent and consequent, and 
you wanted a proportion in which 6 and 8 should stand first ; 
you have only to remember, that the ratio of 6 to 8 1s ex- 
pressed by the fraction §, and that numerator and denomina- 
tor of a fraction may be multiplied or divided by any number 
you please, in order to get as many other suitable pairs of 
numbers as you choose: thus, since = & = 32 = 36 = 38, 
&c., you infer at once that all the following are proportions, 
namely, 6: 8 :: 3:4;6:8 :: 12 :16;6:8 :: 380: 40; 
12 : 16 :: 86 : 48; and so on. And whenever you have 
two fractions equal to one another, you may always convert 
the equality into a proportion, and say, the numerator of the 
first ¢s to its denominator, as the numerator of the second to 
its denominator ; or, instead of saying numerator 1s to deno- 
minator, yon may, if you please, say denominator ts to nu- 
merator, because if two fractions are equal, the equality 
remains, though we make the numerator and denominator 
of each change places; and it is because of this, that in 
any proportion we may make the antecedent and conse- 
quent of each ratio change places: thus, since it is true, that 
3:37 :: 9: 21, it is also true, that 7: 3 3: 21:9; and 
F2 
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since 3: 7 :: 14: 34, so also 7: 3 :: 34: 14; you, of 


course, see that = = af, since the latter fraction arises from 


dividing numerator and denominator of the former by 2. 
From all this, it appears, that @ proportion may always be 
converted into a pair of equal fractions, and a pair of equal 
fractions into a proportion: the word fraction being here 
used in its widest sense, and applying to every quantity 
expressed in a fractional form. By thus replacing a pro- 
portion by two equal fractions, many properties of proportional 
quantities may be easily deduced; I shall here notice only 
two. Since 








first term third term fourth term second term 
——_———_ = or Ss 
second term fourth term’ third term first term 
. second term ; 
it follows that fourth term = ———-——— x third term, 


first term 
a property which indicates to us how we are to find the 
fourth term of a proportion, when only the first, second, and 
third terms of it are given. Of these three terms, the first 
two, that is, the first antecedent and consequent, must always 
be quantities of the same kind; I mean, that both of them 
must be either abstract numbers, or both of them concrete 
quantities, belonging to one class of quantities: if the first 
term, for instance, be money, the second must be money ; 
if the first be time, the second must be time; and so on. 
You must see the necessity of this from the very nature of 
ratio, as defined at the beginning of this section; it is the 
number of tumes the antecedent, or first term of the ratio, 
contains the consequent, or second term; and therefore ratio 
is always an abstract number. 

(70.) This you must be careful to bear in mind, else you 
will run the risk, in finding the fourth proportional, as it is 
called, to three given concrete quantities, of committing an 
absurdity at every step of your work, though you may bring 
out the correct result. I have shown to you above, how the 
fourth term, or fourth proportional, may always be found in 
an unobjectionable manner; you there see that you are to 
divide the second term by the first, and to multiply the third 
term by the resulting abstract number: you will thus get 
the sought fourth term, and always in the same denomina- 
tion as the third term. If the terms of both the equal ratios 
constitutirg the proportion, or if the terms of only one of 
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these equal ratios, were abstract numbers, then we might 
deduce from the general property above, this other particular 
property, namely, 

first term xX fourth term = second term x third term ; 
or, that the product of the extremes is equal to that of the 
means ; a statement which, you see, would be absurd, if the 
first and fourth, or the second and third, were both concrete 
quantities. 

(71.) If the first and second of the three given terms of a 
proportion were always abstract numbers, then, from what 
has just been shown, we could find the fourth term by mul- 
tiplying the second and third together, and dividing by the 
first, or cutting the product up into as many equal parts as 
there are units in the first term: and this would, in general, 
be an easier way of getting at the fourth term, than b 
dividing the second term: by the first, and then multiplying 
the third term by the quotient, as directed above. Now I 
wish you particularly to observe, that we may always proceed 
in the latter easier way, even when the first and second terms 
are concrete. You know you cannot divide one concrete 
quantity by another, till both are brought to the same deno- 
mination: having done this, your quotient is an abstract 
number ;—the very same abstract number that you would get 
if the common denomination of dividend and divisor were 
wholly disregarded, and the division performed on the ab- 
stract numbers simply. In the case, therefore, of the first 
and second terms of a proportion being concrete quantities, 
all you have to do is to reduce these quantities to the same 
denomination ; then, leaving denomination altogether out of 
consideration, to employ only the resulting abstract numbers, 
which you see may always be put instead of the quantities 
themselves: for the ratio, or qguottent, remains unaltered, 
whether the denomination (or the concrete unit) be preserved 
or suppressed. 

(72.) What is called the Rule of Three, or the Rule of 
Simple Proportion, is merely the method of finding the fourth 
term of a proportion when the first three are given. In most 
of the questions coming under this rule, the three given 
quantities do not occur in the order in which you would write 
them as three of the four terms of the proportion: in the 
question you will usually find that the quantities which stand 
first and third must stand first and second, or second and first, 
when arranged as terms of a proportion ; the following, for 
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instance, is such a question: If3lbs. of sugar cost 16}d., 
what will 10 lbs. cost? Here, it is plain that the 3 lbs. and 
the 10 lbs. must bear the same relation to one another, that 
is, must have the same ratio, as the price of the 3 lbs. to the 
price of the 10]bs. Hence the statiny of the question, as it 
is called, would be: 3 lbs. : 10 lbs. :: 164d.; or, suppressing 
the common denomination, lbs., of the terms of the first ratio, 
3:10 :: 164d. As the third term here is pence, the want- 
ing fourth term, which is to complete the proportion, must 
also be pence. It is found agreeably to what is said above, 
by multiplying the 164d. by the 10, and dividing the pro- 


auseby the ae thet is is 2” Sasa The-peneaal 


rule for all questions of this kind is as follows :— 


(73.) Rute or THree, or Simpite Proportion 


RvutE 1. Write down the three given quantities as the first 
three terms of a proportion, taking care that the third term is 
a quantity of the same kind as the required fourth term; and 
according as this fourth term is to be greater or less than the 
third, so let the second term be greater or less than the first. 

2. Having thus stated the question, reduce the first and 
second terms to the same denomination, if they are not 
already the same as well in denomination as in kind; and 
then, disregarding the denomination, consider the first and 
second terms to be abstract numbers, divide them by any 
number that will obetowsly divide both, and use the quotients 
instead; which, as they will be smaller numbers, may in 
general be more easily worked with. 

3. Multiply now the third term by the second, and divide 
the product by the first term, and the quotient will be the 
answer, or fourth term of the proportion; and it will be in 
that denomination, whatever it be, in which the third term 
was used. 

(74.) Nore 1. It may be proper here to remind you, that the 
first and second terms of a proportion may be regarded as the 
two terms of a fraction; and the third and fourth terms as 
the two terms of another fraction equal to the former. It is 
by viewing an antecedent and consequent in this light, that 
we perceive our right to divide both by any number we 
please; and further, that according as the first term of a 
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proportion is greater or less than the second, so must the 
third be greater or less than the fourth. This fact will bea 
sure guide to the correct stating of a Rule-of-Three question. 
A little attention to the question will always enable you to 
see whether the fourth term you seek ought to be greater or 
less than the third, which is given; so that you need never 
fall into the mistake of putting that term first which ought to 
be second. 

Note 2. As the fourth term or answer to the question is 
always got by multiplying the third term by the second, and 
dividing the product by the first, using the first and second 
as abstract numbers, you may regard the work as indicated 
by a fraction, of which the numerator is the product of the 
third term by the second, and the denominator the first term ; 
and as you may divide the numerator and denominator of a 
fraction by any number you please, you may obviously divide 
not only the first and second, but also the first and third of 
the terms, by any number that will really simplify them ; 
and may work with the simplified results instead of with the 
terms themselves; but you must be careful not to take this 
liberty with the second and third terms. An example or 
two will make you familiar with the process. 

Ex. 1. If 8 articles cost £21 4s., how much will 26 cost ? 

Here the fourth term of the 


proportion, that is, the answer £2 & 8. 
to the question, must be money; 8 : 26 :: 21 4 : 68 18 
we therefore make money the 4 : 13 20 

third term ; and as the required ——— 

fourth term must evidently be 424 

greater than the third, we take 13 

care that the second term is ——— 

greater than the first; and 1272 

therefore state the question as 424 

in the margin. We now look —_— 

at the first and second terms, 4) 5512 

and readily see that both will ——— 

divide by 2; we therefore re- 2,0) 137,88. 


place 8 : 26 by 4 : 18; and as —— 

£21 4. is not easily multiplied © Ans. £68 18s. 
by 13, we reduce the compound 
quantity to the denomination shillings before using it; we 
then multiply the shillings thus obtained by 13, and divide 
by the 4, as the rule directs. Wo thus find that the fourth 
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term of the proportion, or the answer to the question, is 
£68 18s.; and we make the original stating complete by 
inserting the fourth term, now found, in its proper place. 
The work would have been a little easier if, instead of first 
multiplying by 13 and then dividing by 4, we had first 
divided by 4 and then multiplied by 13; but if, after having 
replaced 8 : 26 by 4 : 13, we had divided the first and third 
terms by 4, the work would have been easier still; for the 
stating would then have been 1:13 :: £5 68., and we 
should have got the answer at once, by multiplying £5 6s. 
by 13, which of course is easily done; the first term being 1, 
no division is performed. 

2. If 19 cwt. of sugar cost £57, how much may be bought 
for £111? 

Here the answer must be weight; £. £.  cwt. cwt. 
we therefore put the given weight 57.111 :: 19 : 87 
for the third term; and as the re- 19: 87 


quired weight is greater than the 19 
given weight, of the other two given — 
quantities we take care to put the 333 
greater second; the stating is there- 37 

fore as in the margin: and as we —— 


easily see, that instead of 57: 111 19)703(37cwt. Ans. 
we may put 19 : 37, we accordingly 57 


use this simplification. As 19 times — 
37 is the same as 37 times 19, we 133 
find the product in the former way 133 





for convenience. But you see there 
was not, in reality, any occasion for multiplying at all; for 
dividing the first and third by 19, the stating becomes simply 
1 : 37 :: lewt. : 37 cwt.; so that the answer is got at once. 

From the remarks appended to the two examples here 
solved, you cannot but perceive the advantage of a little 
preliminary examination of your stating before you begin to 
apply the rule. The work given at length in the margin is 
intended more for your avoidance than for your guidance in 
similar cases. A little thought and ingenuity on your part 
will often do more for you than all the rudes of arithmetic. 

3. What is the yearly rent of 47 ac. 3roo. 21 per. at 
£1 48. 6d. per ey 
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Herethemo- per. ac.roo.per. £. 8. dad. &. 8. a 
ney must bethe 160:47 3 21 1 4 6:58 138 14 





third term, 1 80 4 12 3 
acre or 160 per. —_—— 12 
the first, and 191 en 
the other quan- 40 147d. 
tity the second. — 

This latter must 7661 

be reduced to 147 

perches, in or- 

der that the first 53627 

two terms may 30644 

be of one com- 7661 





mon denomina- 

tion, the com- 8,0)112616,7 

mon denomina- _————— 

tion (perches) 12) 1407744 

being __ disre- —_—___—~ 

garded after the 2,0) 1173 1d. 

reduction. Pre- ——_—___—— 

viously, how- £58 138. 14d. Ans. 

ever, we may —— 

simplify the first and third terms, by taking only the half of 

each. This done, the money, for convenience of multiplica- 

tion, is reduced to pence, and the work stands as in the mar- 

gin. The yearly rent is thus found to be £58 13s. 1d.; the 

fraction, which is only about one-third 

of a farthing, being disregarded. days. days. 
4. If 37 workmen cancomplete 57 : 37 :: 241 * 15624 


a piece of work in 241 days, in 37 
how many days would 57 men —_— 
finish it ? 1687 
As the answer is to be days, 123 
241 days must be the third term; — 
and since the greater the number 57) 8917 (15624 
of workmen the less the time, the 57 
answer must be less than 241 -_ 
days ; therefore the first two terms 321 
must be 57 : 37; and the work as 285 
in the margin, the number of days — 
being found to be 1563} days. 367 
342 
F3 25 
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5. The following is an example in fractions: If 14 cwt. of 
lead cost 363s. what will 32 cwt. cost ? 

Here, if we multiply the first 14 : 82 :: 363s. : 98478. 
and third terms by 8, we shall 10 : 32 :: 291s. 
get rid of the fractions in those 291x117 
terms, and the stating will then FS x10 = 28858 = 
be as inthe margiu. The second £4 18s. 111d. 
term, reduced to an improper 
fraction, is 37; hence, multiplying the 291s. by this, and 
dividing by the 10, we find the answer to be 98448. 


Exercises. 


. If 17 ]bs. cost 11e. 7d., what will 23 lbs. cost ? 

2. If 9 lbs. of tea cost £1 18s. 6d., what will 1 cwt. cost ? 

3. What is the price of six cheeses, each weighing 522 lbs., 
at 52d. per lb. ? 

4. If 28 persons reap a harvest in 36 days, how many will 
be required to reap it in 21 days? 

5. If a garrison of 1000 soldiers have provisions for 9 
months, how many must be dismissed in order that the 
provisions may last 15 months ? 

6. A besieged garrison has 5 months’ provisions, allowing 
12 oz. a day for each man, but finding that it must hold 
out for 9 months, how much must each man have per 
day to make the provisions last ? 

7. What must be paid for 1 cwt. 3qr. 17]b. of wool, at 
7s. 4d. per stone of 14 lbs. ? 

8. If 1787 cwt. 2 qr. of lead cost £907 10s., what is that 
per fother of 194 cwt. ? 

9. If the entire rental of a parish amount to £2500, and a 
poor-rate of £112 2s. is to be raised, what must a 
person pay whose rental is £525? 

10. If five-eighths of a ship be worth £525, what is the 
value of three-fourths of three-sevenths ? 

11. Ina single mass, weighing 3 cwt., found in July 1851, at 
about 50 miles from Bathurst, in Australia, there were 
discovered to be 106 lbs. of gold ; what would this fetch, 
at the rate of £3 6s. 8d. per ounce ? 

12. From Sept. 29, 1850, to Sept. 27, 1851, there died of 

the population of London, within the walls of the city, 

2978 persons, giving about 23 deaths for every 1000 

persons living at the latter date: what was the amount 

of population of that part of London in Sept. 1851 ? 


jot 
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13. From 1]b. of standard gold, 444 guineas used to be 
cuined: how many sovereigns are now coined out of 
the same weight ? 

14. 1b. avoirdupois is heavier than 1b. troy; for 144 lbs. 
avoirdupois are equal to 175 lbs. troy: what is the troy 
weight of 1]b. avoirdupois ? 

15. The imperial gallon contains 12 lbs. 1 oz. 16 dwt. 16 gr. 
troy weight of distilled water: how many pounds avoir- 
dupois does it contain ? 

16. At what time between 7 and 8 o'clock are the hour an 
minute hands exactly in opposition, or in the same 
straight line ? * 

17. At what time between 5 and 6 o'clock are the hour and 
minute hands exactly together ? 

18. Eleven Irish miles are equal to 14 English miles: what 
is the length in English miles of a road which measures 
57 Irish miles ? 

19. A ream of paper contains 20 quires, and a quire contains 
24 sheets: what would be the cost for paper for 2500 
copies of a book containing 7? sheets, at 15s. 6d. per 
ream ¢ 

20. The average price of wheat for the year 1830 was 64s. 3d. 
per quarter ; and for the year 1850 it was 40s. 3d.: the 
sixpenny loaf in the latter year weighed 41b., what did 
it weigh in 1830? 

21. The shadow of a cloud was observed to move 36 yards in 
5 seconds: what was the hourly motion of the wind ? 

22. If a person pays £22 7s. 5d. for income-tax, at the rate 
of 7d. in the £, what is his income ? 

23. There are 18 dwt. of alloy in 1 lb. of standard silver; 
this 1]b. is coined into 66 shillings: how much pure 
silver is there in 20s. ? 

24. What was the weight of the £275000 taken in silver 
coin at the doors of the Great Exhibition of 1851, in 
tons, cwts., &c. avotrdupors ? 


* In order to work this exercise, the learner must remember that the 
minute-hand moves }2 times as fast as the hour-hand, s0 that while the 
short-hand goes over any space, the long-hand gains upon tt 11 times 
that space. Now, it is plain, that under the conditions of the question, 
the gain of the long-hand will be 1 hour-space, the space from XII to I; 
and it is required to determine what advance the short-hand must make 
to allow of this gain, the space gone over by the short-hand being always 
to the gain of the long-hand as 1 to 11. By the same considerations the 
next question may be easily answered. 
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[For additional exercises in this rule, the learner may take 
the examples already given under the head of Practice. ] 


(75.) DouBLe Rue or THREE, or CompounD PRopoRTION. 


The Double Rule of Three is so called, because it implies, 
at least, two single Rule-of-Three statings, every question 
coming under this rule being resolvable into, at least, two 
questions, each of which may be worked by the single Rule 
of Three. This will be best understood by an example. 

Suppose 6 men can mow 9 acres of grass in 4 days, how 
many men will be required to mow 27 acres in 3 days? 

This question may be divided into two, thus: Ist. If 6 
men can mow 9 acres in 4 days, how many men can mow the 
same in 3 days? Here, 3: 4 :: 6 men : 8 men. Conse- 
quently, 8 men can mow the 9 acres in 3 days. 

2nd. If 8 men can mow 9 acres in 3 days, how many will 
be required to mow 27 acres in the same time? Here, 
9:27 :: 8men:24 men. It is plain, therefore, that the 
answer to the question is 24 men. 

In the first of these proportions, the fourth term is got by 
dividing the third term (6 men) by the ratio 3 : 4; that is, 
by multiplying by the fraction ¢: in the second, the fourth 
term is got by dividing what has just been found (8 men) by 
the ratio 9 : 27; that is, by multiplying by the fraction %. 
The answer to the original question is, therefore, obtained by 
dividing the third term in the first stating by the product of 
the ratios 3: 4 and 9 : 27, that is, by 3x9 : 4x27, or, by 
4x27 
3x 9° 
their compound ratio, and this is why the Double Rule of 
Three is called also compound proportion ; aud examples in 
it are usually worked, not by working with the several ratios 
singly, as above, but by taking the compound ratio, at once. 
In this way, the stating of the above question would have 
been written as follows. 


a iart 3; 6 men; that is 8x9 : 4x27 :: 6 men; the 
4x27x6 


fourth term of which proportion is rae 4x38x2 


= 24 men. There are sometimes more than two simple 





multiplying by The product of two ratios is called 
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ratios to be compounded: thus, in the present example, it 
might have been a condition, that the 4 days occupied in 
mowing the 9 acres were 8 hours long, and that the days 
occupied in mowing the 27 acres were to be 12 hours long; 
then, as the longer days would require fewer men, a third 
ratio would have been 12 : 8; so that only 35, or 2, of 24 
men would have sufficed ; that is, 16 men. 

I think you will now be prepared for the following general 
rule for all questions of this kind. 

Rute 1. As in the Single Rule of Three, put, for the 
third term, that one of the given quantities which is of the 
same kind as the quantity sought. 

2. Then, selecting any pair of the remaining quantities, 
like in kind, complete the stating, just as if these three were 
the only quantities given in the question, disregarding all the 
others. 

3. In like manner, take another pair, like in kind, from 
the given quantities, and place them under the former pair, 
and so on, till all the pairs are used; two dots, to signify 
ratio, being put between the terms of each pair; and these 
terms being arranged, as to first and second, just as you 
would arrange them if they and the third term were the only 
quantities concerned, 

4. Multiply the third term by the product of all the con- 
sequents of these ratios, and divide the result by the product 
of all the antecedents: the quotient will be the auswer. 

Note. The terms of each of the given ratios, together 
with the common third term, may be reduced, when possible, 
to smaller numbers, just as if they were the three terms of a 
simple Rule-of-Three stating; or the multiplications and 
divisions, implied in the rule, may be indicated by the signs 
for these operations; and factors, common to multipliers and 
divisors, struck out before the operations are actually per- 
formed ; the factors that may be struck out, will often be 
discovered, by merely inspecting the simple ratios as they 
stand: thus, in the example worked above, the stating 
: o :: 6 : may be replaced by : a 2: 203; there- 
fore, 1: 12 3: 2; 24. It is plain, that a factor common to 
any antecedent and a consequent, may always be struck out, 
since the consequents are all so many multipliers, and the 
antecedents so many divisors. 

You will, of course, understand, that what is called the common third 
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term in a double rule-of-three stating, is not the third term common to 
each of the single rule-of-three statings, into which the former may be 
decomposed ; although in arranging the terms of each pair of component 
ratios, you are guided as to whether the greater or the less should be 
placed first, just as if this third term were that of the corresponding 
single rule-of-three stating; you may easily convince yourself that you 
can never be misled into a wrong disposal of the first two terms by thus 
consulting the third term. In the second single rule-of-three stating, the 
true third term is that which actually appears multiplied by a fraction, so 
that the true fourth term would be the fourth term corresponding to the 
third which actually appears multiplied by the same fraction; and it is 
plain, that according as one quantity is greater or Jess than another, 80 
will any fraction of the former be greater or less than that fraction of the 
latter ; consequently, in inquiring whether the third or fourth term be the 
greater, the fractional multipliers may be disregarded. 

Ex. 1. If 12 horses plough 11 acres in 5 days, how many 
horses would plough 33 acres in 18 days? 

Here, as the answer is to 
give the number of horses, we 11:3 
put horses for the common third 18 : 
term; and, disregarding days, 
just as we should do if the 1 
number of days were the same 3 
in both cases, we consider 
merely the acres ploughed; 1: 1 nee a A 
and as more horsesare required 1: 5 } Pp ey ee 
for 33 acres than for 11, the 
first ratio is 11 : 33. Again; returning to the question, we 
now disregard acres, and consider only days; and as fewer 
horses are required for 18 days than for 5 days, the second 
ratio is 18 : 5; hence the work stands as in the margin. 
The common factor 11 is struck out of 11 : 33, and the 
common factor 6 out of the first and third terms, 18 and 12; 
and, lastly, the common factor 3 is struck out of the con- 
sequent in the first ratio, and the antecedent in the second: 
with these simplifications, the work is reduced merely to the 
multiplication of 2 by 5. 

You will, of course, observe that the denomination, com- 
mon to the first and second terms of each of the given ratios, 
is wholly disregarded in the work, the abstract numbers alone 
being used. 

2. If 15 men, working 12 hours a day, reap 60 acres in 
16 days, in what time would 20 women, working 10 hours a 
day, reap 98 acres; 7 men being able to do as much work as 
8 women in the same time? 


hor. 


3, 
2) 
aS 
3 or. 
ae 2 
or 
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As the answer here is to be days, we put the given number 
of days for our third term; then 
regarding the number of workers 20:15 
only, just as if all the other con- 10: 12 
ditions were the same, our first 60 : 98 
ratio is 20:15, because 20 workers 7: 8 
is to 15 workers as 16 days toa 15x 12x98x8x16 
less number of days; next con- 20x10x60x7 
sidering only the number of hours, 3x7 16 
as if these alone varied, the second 9—z 75 —= 264} days. 
ratio is 10 : 12, as there must be Ans. 
a greater number of 10-hour days than of 12-hour days, and 
our answer is to be in 10-hour days. Again, taking the acres 
only into account, the next ratio is 60 : 98; and, lastly, the 
ratio of a man’s time of doing any amount of work to a 
woman’s is 7:8. Hence the complete stating is as in the 
margin. The factor 15, as also the factor 4 in the 12, may 
be struck out from the numerator, and at the same time the 
factor 60 from the denominator. Again the factor 7 may be 
struck out from 98 in the numerator, and the same factor 
suppressed in the denominator; we shall thus have the re- 


days. days. 
2:16 : 2622 


duced form, a. Lastly, striking out the factor 
4 from the 8 and the 20, and the factor 2 from the 14 and 


3xXx7x16 


the 10, we have finally the fraction ae It 
x 





usually occupies less space to work our way to the final result 

in this manner, than to reach it by successive simplifications 

of the original stating, as in Ex. 1. That example treated in 

Box OK. which, 
x18 

by striking out common factors, becomes simply 5 x 2 or 10. 








this way, would give at first the fraction 


Exercises. 


1. If 14 horses eat 56 bushels of oats in 16 days, how many 
horses will 120 bushels keep for 24 days? 

2. If a person walking 12 hours a day travel 250 miles in 
9 days, in how many days of 10 hours each could he 
walk 400 miles, at the same rate ? 

3. If 128. be paid for the carriage of 2 cwt. 3 qr. 192 miles, 
how much should be paid for the carriage of 8 cwt. 1 qr. 
128 miles ¢ 
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4. If 3000 copies of a book of 11 sheets require 66 reams 
of paper, how much paper will be required for 5000 
copies of a book of 124 sheets? 

5. If 24 men can finish a piece of work in 36 days of 12 
hours each, in what time can 30 men do it when the 
working days are only 8 hours long? 

6. If 939 soldiers consume 351 quarters of wheat in 168 
days, how long will 1404 quarters last ]1268 soldiers ? 

7. If the sixpenny loaf weigh 32 oz. 8 dwt. when wheat is 
60s. per quarter, what should the eightpenny loaf weigh 
when wheat is 54s. per quarter ? 

8. If a family of 13 persons spend £64 in butcher's meat, 
in 8 months, when meat is 6d. per lb., how much money, 
at the same rate, should a family of 12 persons spend in 
9 months, when meat is 64d. per lb. ? 

9. If the rent of a farm of 13ac. 1 roo. 114 per. be £50 
88. 9d., what should be the rent of another in the 
neighbourhood, containing 8ac. 3 roo. 22 per., if 6 
acres of the latter be worth 7 of the former ? 

10. If £7 10s. be the wages of 15 men, who work 10 hours 
a day for 6 days, what ought to be the wages of 12 
men who work 9 hours a day for 184 days? 


(76.) DECIMALS. 


I HAVE already explained, at the commencement of this 
rudimentary treatise, that our notation for integers, or whole 
numbers, is the decimal notation, inasmuch as the value of 
any figure of a number is ten times as much as it would be if 
that figure were removed one place to the right, so that in. 
writing the figures of a number in the usual way, from left to 
right, every figure we put down is, in value, only the tenth 
part of what it would be, if it were one place less in advance. 
Now, the whole number becomes completed as soon as we 
reach in this way the place of units; but there is no reason 
why the decimal notation should not be extended to the right 
beyond the place of units, still considering the value of each 
figure we write down, to be only the tenth part of what it 
would have been, if writtén in the immediately preceding 
place. In this way, the first figure written after units, 
would be tenths; the next figure, hundredths; the next, 
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thousandths ; and eo on: and, to prevent confusion, we 
should only have to put some mark of separation between 
the units and these fractional parts. This extension of the 
decimal notation is what we now have to consider. The 
mark employed to separate the decimal integers from the 
decimal fractions is simply a dot: thus, 234°625, means 234, 
with 6 tenths, 2 hundredths, and 5 thousandths ; it is there- 
fore the same as 234+ 48,++ 25+ 49555- Each figure to the 
right of the decimal point is thus a fraction of known deno- 
minator, although that denominator does not appear; and 
such fractions are properly called decimal fractions, on 
account of the regular ten-fold increase of the denominators: 
for brevity, however, they are usually called simply decimals. 
This extension of the decimal notation is so natural and 
obvious, that you can have no difficulty in understanding it ; 
and as soon as an example of it is placed before you, you can 
as readily pronounce upon the value of a figure to the right 
of the decimal point, as you can pronounce upon the value of 
a figure to the left: the place next to units, on the deft, is 
tens ; the place next to units, on the right, is tenths; the 
place next to tens, on the left, is hundreds; the place next 
to tenths, on the right, is hundredths ; and so on; thus, in 
the mixed number, 1234°5678, you could as readily tell the 
value of the 6 as of the 2, each of which is in a third place, 
the 4 being in the first, or units place: the value of the 2 is 
200, or 2 hundreds ; the value of the 6 is +8, or 6 hun- 
dredths: in like manner, the value of the 8 is 30, or 8 tens, 
and of the 5, 58, or 5 tenths; the value of the 1 is 1000; 
and of the 7, ys; and, lastly, the value of the 8 is +5855. 
It is very convenient to be able to express, in this way, 
decimal fractions without the incumbrance of denominators ; 
and the more so, since, as you will presently see, adi fractions 
may be converted into decima/ fractions. From what has 
just been said, you see, that in order to express a decimal as 
a common fraction (sometimes called a vulgar fraction), you 
have only to write the figures of the decimal for numerator, 
and for denominator, to put 1, followed by as many zeros 
as will mark the place of the last decimal figure from the 
decimal point: thus, in the instance before given, it was seen, 
that °625 = 39.4 535+4255, Which is obviously 3835, the 
three zeros corresponding to the third place of the last decimal 
figure, 5. In like manner, ‘2438 = 46++45+-150+ 15503 
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res t+ rokes = rissa; and so on; the number of zeros 
being always equal to the number of decimal places. There 
is one thing here that will no doubt occur to you ; it is this; 
that although zeros immediately after the decimal point, that 
is, before the figures, materially affect the value of those 
figures; yet, that zeros after them, have no effect at all, and 
are quite useless: thus, 234°625 is the same as 234°625000, 
&c.; and ‘0036 is the same as 0036000, &c.; zeros inter- 
mediate between decimal figures, have, of course, the effect of 
pushing the figures which follow them, lower down in the 
scale: thus, °62 is 8,+72%5, but ‘602 is ++h5 = 225, 
and ‘6002 is >+-+5355 = 372223)- 

(77.) The removal of the decimal point one place to the 
right, is equivalent to multiplying the decimal by 10; the 
removal of it two places to the right, is equivalent to mul- 
tiplying the decimal by 100; and so on: thus, 2488 x10 = 
2-438, where each figure is 10 times what it was before ; 
2438 x 100 = 24°38; ‘2438 x 1000 = 243°8, &c.: and the 
removal of the point in the other direction, is equivalent to 
dividing the decimal by 10, 100, &c.: thus, °2438+10 = 
"02438; °2438 +100 = °002438; 243°8 +100 = 2°438, 
&c. &c. All this is plain from the very notation of decimals. 

(78.) I shall now give you an example or two of con- 
verting decimals into fractions: 1. 17°5 = 1755; = 17}. 
2. 21°25 = 2188, = 214. 3. 146-75 = 146508, = 1462: 
you thus see, that 3, 1, 4, expressed in decimals, are °5, -25, 
‘75. 4 6:14xX10 = 61°4 = 61,5, = 612. 5. 3°185 x 100 
= 313°5 = 313}. 6. 2°76+100 = 0276 = +344, = 7885 

It is further obvious, from the principles of the decimal 
notation, that when that notation is exchanged for the frac- 
tional, as in these examples, by writing the decimals without 
the point, and putting underneath, for denominator, unity, 
followed by as many zeros as there are decimal places, we 
may prefix to the numerator whatever whole number may 
have preceded the decimal: thus, 146°75 = 146445, = 1484°; 
17°5 = YLS; 21°25 = Wee ; 326-047 = 948947 ; and go on. 
This is evidently only the same as reducing a mixed number 
to an improper fraction. 

In writing decimals, you must be careful to put the decimal 
point against the upper part of the figures, not against the lower. 
When figures are separated by a point even with the lower 
part of the figures, the multiplication of the figures separated 
is understood, the point in that position standing in the place 
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of the sign x: thus, 3.7 is the same as 3x7, or 21, while 
3-7, is 38 and 7 tentha; or, as it is usually read, 3 decimal 7, 
or 3 point 7: in like manner, 24.36, means 24 x 36, while 
24°36, is 24 decimal 36, or 24 point 36; that is, 24 and 
36 hundredths, and so on. It is necessary that you should 
keep in mind this new sign for multiplication, as it is very 
frequently used; so that, whenever you meet with such 
an expression as 2.3.7.4, you may know that it means 
2x3x7x4. There is another useful little sign of abbrevia- 
tion, which it is high time you should be made acquainted 
with: it is the sign .., which is the mark, not for an opera- 
tion, but for a word—the word therefore (or, consequently), 
—a word of such frequent occurrence, in numerical inquiries, 
as to render a short sign for it very acceptable. Henceforth, 
I shall use this sign .. for therefore, rather than introduce 
the word in the midst of arithmetical work. 


(79.) To reduce a Common Fraction to a Decimal. 


Rue 1. Annex a zero to the numerator, which then take 
for a dividend, the denominator being the divisor: if the 
dividend be sufficiently large, find the first figure of the quo- 
tient; but if it be too small to give a significant first figure, 
put zero for the first figure, and annex another zero to the 
dividend ; if this be still too small, put a second zero in the 
quotient, and annex another zero to the dividend ; and so on, 
till the dividend be large enough to give a significant figure 
in the quotient. 

2. If there be a remainder, conceive another zero to be 
annexed ; and continue the division, still annexing a zero to 
every remainder, till the work terminates of itself, or till the 
quotient has been carried to as many places as may be re- 
quired: this quotient, with the decimal point before it, will 
be the value of the proposed fraction in decimals. 

Nore. It will be enough if we imagine the zeros to be annexed as above, 
without actually inserting them. Should the division not terminate of 
itself, but admit of being carried on to any extent, then, at whatever point 
we stop the work, an unused remainder will be left; so that the decimal 
quotient will not, in strictness, be the complete value of the fraction; but 
the process may always be extended so far as to render the correction of 
the quotient too minute to be worth notice. It may indeed be made to 
become as small as we please. If the fraction be an improper fraction, 
the quotient will of course be partly integral and partly decimal, the 
decimal point occurring as soon as we begin to add zeros. 
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Ex. 1. Reduce { toa decimal,  8)7000 1 = -8t5 
2. The value of & 1s 12°8. 875 °° 


3. In like manner, 4° = 1°875, and go on. 


4. Reduce 3,5, to a decimal. 


From the operation in the margin, 256) oo 05859375 
1280 


it appears that 150 is too small to 
give a significant figure, so that the 


first figure of the quotient is 0. We 2200 
see also that the remainders become 2048 
exhausted only after eight decimal ——— 
places are obtained in the quotient: the 1520 
value of the proposed fraction, which 1280 
might have been got by short division, is —— 
therefore, accurately, -05859375. 2400 
(80.) The value of the last decimal is 2304 
so small a part of unity, namely, the part — 

§ , as to be in most practical 960 
matters quite unworthy of consideration ; 768 
we might therefore have stopped the pro- ——~ 
cess before arriving at this place, without 1920 
troubling ourselves to see whether the 1792 
work would spontaneously terminate or ——— 
not. When an end is in this manner put 1280 
to the operation, it is customary and 1280 


ES 


proper to notice what the next figure 
eould be if another step in it were to be 
made. Should this next figure prove to be a 5, ora figure 
still greater, then the figure at which we stop is increased by 
1, because by so doing we secure the greatest possible ac- 
curacy for our result, as far as the operation has been carried. 
Thus, if we had stopped at the 7, in the present instance, we 
should have changed the 7 into 8, foreseeing, as we might, 
that the next figure would be 5, and knowing that if this 5 
had been brought out, a 5 added to it would have converted 
the 7 into 8, while a 5 taken away from it,—that is, the 
suppression of the 5, would have Jeft the 7 as it is. The 
error of adding a 5 or taking it away is, of course, the same ; 
only in the one case it is an error in excess, and in the other 
case an error in defect. So far as accuracy, or the nearest 
approach to the truth, is concerned, it is here matter of in- 
difference which plan we adopt; but it seldom happens that 
the work terminates at the figure next to that at which we 
stop; more figures would ip general follow; so that the pro- 
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bability is, that by increasing our last figure by unit, when 
we foresee that the next figure that would arise is a 5, our 
error in excess is Jess than our error in defect would be if we 
were to suppress this 5, and all the following figures with it, 
and leave our last figure unaltered. When the next figure is 
greater than 5, the propriety of the alteration is obvious ; so 
that by increasing the figure at which we stop by 1, whenever 
the next figure is foreseen to be 5 or greater, we generally 
attain a closer approach to the truth than we should do by 
leaving our last figure unaltered, and can never be farther 
from the truth. If the preceding result had been restricted 
to six places of decimals, it would have been 058594; if it 
had been restricted to five places it would have been ‘05859 ; 
if to four places, ‘0586; and so on. And such is always the 
plan whenever superfluous decimals are suppressed. You 
will have to observe it in working the examples below. 

(81.) The reason of the operation just performed is easily 
explained: the fraction 2,5 13 equal to 3599900000. ; that is, 
dividing numerator and denominator by 256, it is equal to 
~ohhe3ts.. which, in the decimal notation, is :05859375 ; 
thus the equivalent decimal is obtained by dividing the 15, 
with the requisite number of zeros annexed, by the 256. 
And a similar explanation applies to every case. 


Exercises. 


Reduce to decimals the following fractions, namely, 


1, af. 2. Be. 3. oe 4. ah 

5. ate Beate. 1. 8. 

9. 20ff. 10. 2 of 7 ll. £0f3k. 12. Sof 2of6. 
— 


(82.) AppiITion anD SusrracTion oF DEcIMALS. 


Very little need be said as to the addition and subtraction 
of numbers involving decimals. Just as in integers, we must 
be careful in these operations to place units under units, tens 
under teas, and so on; so here we must, in addition to this, 
be also careful to place tenths under tenths, hundredths under 
hundredths, and so on: that is, we must keep the decimal 
points all in the same vertical line or column, as in the 
examples following. 
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A dditton. Subtraction. 
23°462 *3258 683°2031 *826542 
7°38 4°70234 479°8627 °71836538 
26°151 15°1602 ——_—_— —_————_——_—- 
53°84 0043 203°3404 "10817662 
76 37°10021 ——__-— pete ae 
2°3584 18 2°06853 1°4310063 
a — 1°72946 1°3648163 
189°1914 75°29285 ————- —_————— 
ee —————— 33907 06619 
Exercises. 


. Find the value of 27°62 +°358+17°34+61+°007+173°1. 
. §862°9384+ 38:04] +1°01+176°44+ °00044 265:°04. 

. 885°02 +18°176—7:03—11°1] —21°6254+5°328 + 061. 

. 10628 + 123°51—26°04-+ 18—18°261 + 12°403—:082. 

. 6234 0042 +°-79—°31 — 002+ °11+ °08 — 0008. 

. 2464+187—5°613—19°148—7:°03—104°6+ 0018. 


co Om 63 tS 


—»__ 


(83.) MULTIPLICATION. 


Roxie. Place the multiplier under the multiplicand, re- 
gardless of the decimal points, and proceed as you would with 
integers. Having thus got the product, mark off from it ag 
many decimal places as there are decimal places in both the 
factors together, and the correct product will be obtained. 
If the product terminate in zeros, these nced not be inserted, 
but they must be taken into account in pointing off the 
decimal places ; and if there should happen to be fewer figures 
in the product than there are decimals in the factors, zeros 
must be prefized to the product to make up the deficiency ; 
and the decimal point is to be placed before them. 

Ex. 1. Multiply 325-201 by 2°43. 325°201 

Here the product, disregarding the decimal 2°43 
points, being found, as in the margin, five figures 
of it are to be pointed off as decimals, because the 975608 
number of decimals in both factors amounts to 1300804 
Jive. 650402 

From looking at the foot-note in next page, 
you will see that the work may be abridged, by 790°23843 
simply multiplying the first partial product by 8. ————~ 
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2, Multiply 4132-65 by °346. 4182°65 

Here, proceeding as in the margin, the ter- 346 
minating zero of the product is suppressed as ————— 
useless; but as five decimals are to be pointed 2479590 
off, of which one has already been removed, we 1653060 
point off but four. 1239795 

The work of the next example following may —————— 
be shortened by multiplying the first partial pro- 1429-8969 
duct by 3, as explained in the foot-note below. 


3. Multiply ‘217 and :0431 together. 0431 

Here the product consists of but five figures, 217 
while there are seven decimals in the factors; ———— 
therefore two zeros must be prefixed, and the 3017 
decimal point placed before them. To show 431 
the correctness of the operation, it will be 862 


sufficient to examine what is done in an ex- ————— 
ample. Thus, the factors in Ex. 1 are 325,293,  °0093527 
and 2.48; that is, they are 925291 and 243;  ————— 
3825201 x 243 

100000 
denominator implying that when the multiplication in the 
numerator is performed, five places must be pointed off for 
decimals. And it is plain, that in all cases by treating the 
factors in this way, the divisor will be 1, with as many zeros 
as there are decimal places in both factors. 


the product of these is ; the five zeros in the 


Exercises. 

1. 32°605 x 6°417. 8. 24000 x :0016 x ‘35. 

2. 183°52 x °734. 9. 2°016 x 3°004 x ‘0756. 

3. 43°92 x 2600. 10. 273°4 x °036 x °004. 

4. 038 x ‘072. 11. 21000 x 1:02 x (0268. 

5. ‘0037 x °00021. 12. 1°4x«:04x°4 x ‘004. 

6. 2°46 x °321 x °07. 13. 71°380164 x 2°7354.* 

7. 1°73 x °032 x ‘0105. 14. 1388°6147 x 5°2575 x :08. 


(84.) ContRactep MULTIPLICATION. 


I have now to introduce to your notice some considerations 
of especial importance in the multiplication of decimals, to 


* It may not be amiss to point out to the learner here, that whenever 
a multiplier has figures side hy side, which, when taken by themselves, 
form a number that is a multiple of some other figure, or of a number 
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which I must urge your particular attention, because although 
commonly adverted to in books on Arithmetic, they are 
usually presented in a way very much calculated to mislead. 
I have already told you, that decimals are frequently—far 
more frequently than otherwise—given in an incomplete form, 
because the complete form would often require an interminable 
extent of figures. I have told you (page 116), that it is cus- 
tomary, in such cases, to write down only a limited number 
of decimals, and to compensate for the figures omitted, by 
adding a unit to the final figure we retain, whenever the row 
of omitted figures commences with 5, or a figure greater than 
5; but to make no compensation when this commencing 
figure is less than 5. In the comparatively few cases that 
may occur, in which the deq@mals we work with are really 
complete, we may multiply such decimals together, as above, 
and may be sure that our products are correct in every 
figure: but in the great majority of instances actually pre- 
sented to us in practice, the decimals are curtailed, as just 
notieed; and, consequently, the last figure of every such 
decimal is not strictly correct: the error may be to the extent 
of half a unit in the place that last figure occupies. 

The last figure of our multiplier being thus, in general, 
incorrect, it is plain, that the entire row of figures produced 
from it must be incorrect; or, at least, except under very 
favourable circumstances, that is, except when the error in 
our multiplier is very minute, the whole row, after one or 
two of the leading figures of it, must be incorrect. 

In like manner, the final figure of our multiplicand being 
erroneous, in multiplying it by the successive figures of our 
multiplier, the products which arise from it must need cor- 
rection; so that when all the partial multiplications are 
executed, and we proceed to add up, we must feel that, for 


formed by any of the adjacent figures, as in the present example, the work 
may be abbreviated into a sort of short multiplication, thus :— 
71°380164 
2°7354 


214140492 = the product by 3, or 300. 
1927264428 =the foregoing prod. by 9, for the 27, or 27000. 
3854528856 = the last product by 2, for the 54, 
195 °2533006056 = the complete product. 


The work of Examples 9 and 14 may be abridged in the same way. 
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several steps of this addition, we are really adding up wrong 
figures ; and, consequently, that, as far 














as the influence of these reaches, our 27°14986 
final product must be erroneous. I will 92°41035 
give youan example. Suppose we have ———__—_ 
to multiply 27°14986 by 92°41035; 118574930 
and suppose, moreover, that these deci- 8/144958 
mals had resulted from curtailing others 2711/4986 

of greater extent; as, for instance, 10859|944 
27°149855213, &c., and 92°41034604, 54299172 

&c.: we should obtain the product of 2443487}4 

our proposed factors, as in the margin: §9.—————— 

but if, instead of five places of decimals 2508°928/065051 
in our factors, we had taken six, we ————— 


should have had 
27°149855 x 92°410346 = 2508-927|49489983. 

It is very plain, therefore, that the small error introduced 
into the fifth decimal of the factors, employed in the margin, 
has sufficient influence on the product, to render all the deci- 
mals of it, after the first three, widely erroneous. Even the 
third decimal differs by a unit from the more correct product 
above; but this latter is itself not strictly accurate, because 
advanced decimals have still been omitted in the factors: if 
the 213, &c., had been included in our multiplicand, all the 
decimals, beyond the vertical line, that is, beyond the 7, 
‘would have been affected; so that the 4, at present next to 
the 7, would have been a 5: we may conclude, therefore, 
that the product found in the margin is true, to the nearest 
unit, as far as three places of decimals; but that all the 
figures beyond these three should be expunged, as necessarily 
erroneous. In most books of Arithmetic, you are told, that 
these advanced decimals should be omitted, because they are 
superfluous, giving to the result a degree of minute accuracy 
not usually requisite in practical matters: but you see, from 
what is here shown, that they should be omitted, because no 
confidence can be placed in them, because, in fact, they are 
all wrong, and are no more worthy of being retained in our 
result than any row of figures written down at random in 
their place. 

(85.) The practical conclusion you are to draw from what 
has now been said is this: when you multiply two factors 
together, the decimals in which have been curtailed, as here 
supposed, in adding up the partial products, disregard the 
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sums of all the columns up to that column, inclusive, in 
which the final figure of the das¢ partial product is placed, 
and retain only the decimals furnished by the remaining 
columns. The last of the decimals thus retained should be 
increased by unit, if the first of the dismissed figures be a 5, 
or a greater number. In the marginal work above, a vertical 
line is drawn, cutting off the columns, of which the sums 
contribute nothing but inaccuracy to the result. It will, of 
course, occur to you, that it would save much waste labour 
if we could be spared the work of these inaccurate columns ; 
and you will be glad to find that this may be done by a very 
simple contrivance. It was easy to foresee, before com- 
mencing the operation above, that seven decimals would have 
to be suppressed in the result; and, therefore, that three 
decimals only were to be retained: our object, then, would 
be to limit our operation to just so. much work as would be 
necessary to furnish us with these three decimals; but as it is 
desirable that we should know what the fourth decimal 
would be, in order that the third may be as correct as we can 
make it ; that is, in order that the third may be increased by 
@ unit, should the fourth be a high figure, we ought to be 
able to get four decimals in our result, and then to limit it 
to three, which may be presumed to be correct in the last 
figuro to the nearest unit: we have, therefore, to multiply 
27°14986 by 92°41035, so as to give only four pipees of 
decimals in the product: this is done as follows: 

place the units figure of the multiplier under 27°14986 
the fourth decimal of the multiplicand, and then 5301429 
write all the other figures of the multiplier, so _————— 
as that the entire row may be reversed: then, 24434874 


In proceeding with this inverted multiplier, ob- 542997 
serve the following caution: reject all the figures 108599 
of the multiplicand which lie to the right of the 2715 
figure by which you multiply, carrying, how- 81 
ever, from these rejected figures, whatever would 14 


have been carried if they had been retained; and 9—————~ 
write the jirst figure you get, in each partial 2508°9280 
product, in the same vertical line, as in the ————— 
margin, and you will thus find the product, 

2508°928, true to three places of decimals. The figure in 
the units place of the given multiplier being 2, this 2 is first 
put under the fourth decimal figure of the multiplicand ; after 
which the inverted multiplier is completed, and the work 
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carried on agreeably to the preceding directions. By com- 
paring it with the more lengthy operation before given, you 
will see that the partial products, as far as they are required, 
arise in reverse order, and are correct, as far as they go, to 
the nearest unit: you will, of course, observe, that, in the 
carryings from the rejected figures of the multiplicand, the 
uniform principle of compensating for a rejected 5, or greater 
figure, by adding a unit to the figure on the left of it, is to 
be attended to, and applied: thus, in multiplying by the 1, 
the product, arising from the 9 in the multiplicand, on the 
right, is rejected, but a compensating 1 is carried to the next 
product ; that is, we say, once 4 is 4, and 1 carried makes 5. 
In like manner, when we reach the last figure, 5, we say, 
5 times 7 are 35; carry 4: 5 times 2 are 10, and 4 are 14. 

This example, with the explanations that have accompanied 
it, will sufficiently prepare you for the following rule. 


(86.) To find the Product of Two Factors, containing 
Decimals, to a proposed Number of Places. 


Rute 1. Count, from the decimal point in the multipli- 
cand, as many decimals, annexing zeros if the decimals are 
too few, as you wish to secure decimal places in the product. 

2. Under the last of these, put the wnit-figure of the mul- 
tiplier, or a zero, if there be no unit-figure, and then intro- 
duce al] the other figures of it, so that the entire multiplier 
may appear with its figures wn reverse order. 

3. Multiply by the several figures of this reversed mul- 
tiplier, neglecting, however, all those in the multiplicand to 
the right of the figure you are using, but, at the same time, 
carrying what would i carried, if nothing were neglected, 
and, moreover, carrying an additional unit, if 5 or a greater 
figure be rejected from the product. 

4. Let each terminating figure of the partial products thus 
found, be in one vertical column; the first column to be 
summed up in the addition process: then, when this process 
is completed, you will have the product required, the Le 
point heing so placed, as to mark off the proposed number of 
decimals. 

(87.) When the decimals in each of your factors are strictly 
true to the last figure, and your product is to be applied to a 
purpose, for which so many exact decimals as would make up 
the number in both the factors are not necessary, you may, 
by this rule, limit the number brought out to as few as you 
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please. It is, therefore, matter of choice with you, whether, 
in such a case as this, you take the trouble to work your 
example in full, and thus give to your result a needless 
degree of ininute accuracy, or content yourself with only the 
amount of accuracy really wanted; and use, for this end, the 
contracted method: but remember, you have no choice when 
the decimals in your factors are not thus each of them com- 
plete and accurate in the final figure; you must then use the 
contracted method, not to dispense with needless accuracy, as 
above, but in order to preclude absolute error. In this case, 
you should count all the figures of that factor which contains 
the greater number, and so many figures of the uncontracted 
product, cut off from the right hand, should be expunged, 
not as merely useless, but as erroneous. ‘You must, there- 
fore, so apply the preceding rule, as to exclude, from the 
product, just this number of figures. Norse, If one of the 
factors be quite correct, then only so inany figures as this 


contains are to be rejected. 


The following examples will sufficiently illustrate the 


application of the rule. 


1. Multiply 348-8414 by 51-30742, so as to aspera 
preserve only four decimals in the product. 
Here, reversing the multiplier, after having - x 
; agi 174420700 
taken care to put the 1 in the multiplier, under 
: — 3488414 
the fourth decimal of the multiplicand, we see, 
‘ ae 1046524 
that a vacant place occurs in the multiplicand o4 
419 
over the final figure 5 of the reversed mul- 

Se : 1395 
tiplier: we therefore supply this vacant place, 70 
by putting in it a 0, and then multiply, as in 
the margin. The result may be considered as 17898-1522 
correct, as far as it goes, provided the factors 
producing it, have no error in their last deci- 
mals; but, if we are not assured of this, then 348°8414 
we cannot depend upon more than the first two 24703150 
decimals, for since the complete product would ——————__ 
have nine decimals, and that each factor has 1744207 
seven figures, 9—7 = 2, expresses the greatest 34884 
number of decimal places in the product that 10465 
can be relied upon, with any confidence. The 244 
work would, therefore, be as here annexed: the 14 
1 in the multiplier being now placed under the 1 
second decimal of the multiplicand. As the 2 ————- 
in the multiplier has no figure above it, the 17898°15 
product bv this 2 is, of course, 0, but as the ne 
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product of the preceding 3 by the 2 is so great as 6, we carry 
1 on that account, and the insertion of this 1 completes the 
multiplications. 

2. Find the product of °339377 and 325, to as many 
places of decimals as can be depended upon. 

Here, as the multiplier, which is without error, °339377 
has three figures, and as there are six decimals 5230 
in the factors, only three decimals are to be ————— 
preserved in the product, which is, therefore, 101813 
110:297. If we had computed to four places of 6787 
decimals, we should have got 110°2975. As 1697 
already noticed, we may always compute to 
one place more than the number of places to 110-297 
be preserved, and may increase the last of the 
preserved figures by unit, if the additional figure be so great 
as 5: in the present case, 110-297 and 110°298, may be con- 
sidered to be about equally correct. 


Exercises. 


1. Multiply 480°14936 by 2°72416, and retain in the pro- 
duct only four decimals. 
Multiply 15°917127 by 30°31667, retaining as many 
decimals as may safely be depended upon. 
. Multiply 1°7958563 by 30°31667, to four places of de- 
cimals. 
4, Multiply °62311052 by 170, to six places of decimals, 
which is one more than can be strictly depended upon. 
5. Multiply 1628894 by 214°87, retaining no decimals that 
cannot be relied on. 
6. Multiply 81:4632 by 7:24651, retaining only three de- 
cimals. 
7. Multiply 3°7719214 by °4471618, retaining all the de- 
cimals to be depended upon, namely, six. 
8. Multiply :053407 by :047126, retaining all the decimals 
that are likely to be correct. 
9. Multiply 325-701428 by -7218393, preserving only three 
decimals in the product. 
10. Multiply -63942, &c. by °53217, &c. 

Nore. It is proper to state here, that from our ignorance of the true 
value of the decimals suppressed in our factors, and compensated for by a. 
modification of the last decimal that is retained, and from the like modi- 
fication of the last decimal in certain of our partial products, we cannot 


always be quite sure that the last decimal in our contracted product is 
invariably true to the nearest unit. It may in unfavourable cases err to the 


2 


Cc 


126 ARITHMETIC. 


extent of a unit; but it may generally be relied on as the true product to 
within this amount of error. An error to the extent of two units in the 
last figure is highly improbable. In thus speaking of the occasional de- 
parture from strict accuracy in the final decimal of our contracted pro- 
duct, it is to be understood, that the accuracy adverted to is that which 
the result would have if the suppressed decimals in the factors were 
restored. If it be of consequence, in any particular calculation in which 
we may be engaged, that the final decimal preserved in the product 
should be strictly correct, the safest way will be to compute, by the 
contracted method, to one or two decimals deyond those which are to be 
preserved, and then to dismiss them from the product. Many important 
money calculations are performed by decimals; and it is necessary that 
the computer should be cautioned against the very prevalent mistake of 
supposing that his accuracy is increased as he increases the number of the 
retained decimals. The contractions in this article are recommended, not 
on the score of brevity, but with a view to the securing of strict truthful- 
ness as far as it is attainable. An error of a unit in the second decimal of 
a result expressing pounds is only about 2}d.: a like error in the third 
decimal is less than one farthing. In any inquiry in which it is of con- 
sequence to secure accuracy in the decimals or integers of a product, 
beyond the places furnished by contracted multiplication, we may pro- 
nounce such accuracy to be unattainable, till our factors, erring as they 
do in the final decimal, be rendered more correct by the insertion of 
additional places. It is most remarkable, that in many of the modern 
books on arithmetic, in extensive use in instruction, not a word is said 
about contracted multiplication and division of decimals ; the time and 
labour of the learner is occupied in working out long strings of figures, 
which the authors ought to know are all worthless, because all wrong; 
and what is worse, the pupil is all the while under the delusion that this 
useless labour is essential to the accuracy of his result. 


(88.) Division or Decima.s. 


Rute 1. If the divisor and dividend have not the same 
number of decimals, annex zeros to make the number of 
decimal places equal. 

2. Imagine the decimal points to be suppressed, and pro- 
ceed as in division of integers, only with this difference, 
namely, if the divisor be greater than the dividend, annex a 
zero to the dividend: if the divisor be still the greater, put 
zero for the first figure of the quotient, and annex another to 
the dividend; and so on, putting a zero in the quotient for 
every zero annexed to the dividend, after the first. 

3. Having thus made the dividend sufficiently great (dis- 
regarding the decimal points) to contain the divisor, carry on 
the work as with whole numbers, annexing a zero to every 
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remainder that arises after the figures of the dividend have 
been brought down, till as many decimals as are wanted are 
obtained in the quotient, or till the operation ends of itself. 
The number of zeros, employed in this latter way, together 
with whatever zeros the quotient may have commenced with, 
will be the same as the number of decimal places to be 
pointed off in the quotient. Or you may count all the 
decimals used in the dividend, including, of course, every 
zero annexed to a remainder: the difference between this 
number of decimals and the number of decimals in the given 
divisor will be the number of decimals in the quotient. 

Nort. You will often find this latter to be the most con- 
venient way of finding the places to be pointed off in the 
quotient, as you may then dispense with adding zeros to the 
divisor when it has fewer decimals than the dividend. 

Ex. 1. Divide 721°17562 by 2°257432. 

Here the operation in 
the margin has been car- 2°257432)721-°17562(319-467, &c. 


ried on till nine decimal 6772296 
places of the dividend ——— 

have been used, namely, 4394602 

the five decimal figures 2257432 
originally given, and four ——$_—— 
zeros besides. And since 21371700 
there are six decimal 20316888 
places in the divisor, ———- 
three places must be 10548120 
pointed off in the quo- 9029728 
tient, agreeably to the —— 
note above. If we had 15183920 
proceeded strictly by the 13544592 
rule, and had written the ———— 
dividend 721°175620, in 16393280 
order to make the num- 15802024 
ber of decimal places the ——— 
same as in the divisor, 591256 
we might have intro- &e. 


duced the decimal point in the quotient as soon as the divi- 
dend thus written had been exhausted ; that is, as soon as the 
third figure 9 was found. 
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2. Divide 5°714 by 8275. 
Here, it is easy to see 8275:000)5°7140000(-0006905 











that the quotient will com- 49650 
mence with zero; therefore 

annexing three zero deci- 74900 
mals to the divisor, since 74495 
there are three decimal 

places in the dividend, and 42500 
imagining the decimal 41375 
points removed, we pro- 

ceed by the rule, as in the 1125 


margin, adding four zeros 
to the dividend, in order to make it large enough for the 
divisor, and consequently putting three zeros in the quotient. 
It is usual, however, to omit the zeros in divisor and divi- 
dend, and to proceed as if they were inserted ; or, having no 
regard to the terminating zeros in the divisor at all, to per- 
form the work agreeably to the note, leaving a gap at the 
beginning of the quotient, if a zero is foreseen to commence 
it, and then to complete the decimals as the note directs. 

3. Divide :079085 by ‘83497. 

The work of this example, 83497) :079085 (094716 














freed from unnecessary zeros, is 751473 

as in the margin: the last deci- 

mal 6 is a little too great, but 39377 

is much nearer the truth than 5. 333988 
The zero with: which the quo- 

tient commences is put in last. 59782 
We see that the eleven decimal 584479 
places used in the dividend, 

diminished by the five in thie 13341 
divisor, leaves six for the num- 83497 
ber of places in the quotient, so 

that a zero must be prefixed to 49913 
the decimal figures to make up 500982 





the requisite number. 

(89.) The reason of the directions given in the rule is 
obvious, when the decimal places in dividend and divisor are 
made the same in number, by the addition of zeros should 
need be; the suppression of the decimal point is merely 
equivalent to multiplying each by unity, followed by as many 
zeros as there are decimal places in each; so that the value 
of the quotient is undisturbed by these changes, It follows 


CONTRACTED DIVISION. 129 


also from multiplication, that the decimal places in both 
divisor and quotient must make up the number of places in 
the dividend. 

The quotients obtained in the preceding examples are true 
in all the decimals only on the supposition that the final 
decimal in both dividend and divisor is strictly correct. This 
however is not generally the case; as it usually happens that 
a number consisting of several places of decimals is only an 
abridgment of a number with more decimals, as already 
explained. The last decimal of such a number is therefore 
always affected with some error,—some fractional part of the 
unit to which it belongs; and to prevent the influence of this 
error in the quotient of two such numbers, all that part of 
the work which the error affects should be lopped off, and the 
operation confined within trustworthy limits, as in contracted 
multiplication. In the following examples the decimals are 
supposed to be unaffected with error. 


Exercises. 
Find each quotient to three places of decimals. 
1, 267°15975+ 1°25. 4. 519°62+7849. 
2. 5°474558 + °0325. 5. 47°298~-6:029. 
3. 325--1°0125. 6. 3176°32-:09317. 


(90.) Contrractep Division. 


Contracted Division, like Contracted Multiplication, is a 
method of finding the result sought to as many figures as can 
be safely depended upon, without introducing into the opera- 
tion any more work than what contributes to this object. 
The rule is as follows :— 

Rue 1. Find the first figure of the quotient as in the 
uncontracted method, and thence the first remainder. 

2. Instead of annexing a new figure from the dividend, or 
a zero, to this remainder, keep it as it 1s, and employ the 
divisor with tts final figure cut off for the next step. 

3. In like manner use the second remainder, and the 
divisor with two figures cut off for the next step; and so on 
till all the figures of the divisor have been dismissed. It 
must be observed, that what would be carried from the figure 
cut off step after step, is still to be carried in multiplying the 
quotient figure by the curtailed divisor. 

a3 
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If the divisor have more figures than the dividend, zeros 
may, of course, be annexed to the dividend; but then that 
portion of the work in which these zeros are brought into use 
cannot be depended upon, unless the last figure of the divi- 
dend be strictly accurate. When such is not the case, therefore, 
the overplus figures of.the divisor should be cut off before 
commencing the division, if incorrect figures are to be ex- 
cluded from the quotient. t 

1. As an example, let that at page 127 be taken; that is, 
let the value of 721°17562-:-2°257432 be required to as many 
decimals as can be depended upon. 

As uo decimals are to be 2°257432)721°1756(319°4672 

















brought down to be annexed °**°*'*: 6772296 
to the remainders, the final 2 

in the dividend is suppressed 439460 
as useless. The first figure 3 225743 
of the quotient is multiplied 

into the entire divisor as it 213717 
stands; for the next quotient 203169 
figure 1, the divisor is cur- 

tailed by a figure, and a dot 10548 
is put under this figure 2 to 9030 
remind us of this: for the 

quotient figure 9, the ‘cor- 1518 
responding divisor 1s 2°2574, 1354 
another dot being put under 

the 3, to imply that it is no 164 
longer to be used, except for 158 
what is carried from it: as —- 
3xX9=27, the figure carried 6 


from itis 3. In this manner 

the operation is continued till the divisor is reduced to the 
single figure 2, and the work ends. This divisor 2, of the 
last dividend 6, gives only 2 for quotient; because if we try 
3 we find that 1 must be carried from the divisor figure lag 
rejected; so that the product would be 7. It is probable, 
however, that 3 ig nearer the truth than 2; but the last 
figure of the quotient found in this way cannot, in general, be 
depended upon as strictly true. Suppose, for instance, that 
the final 2 in the divisor should be in strictness 23; then, 
what is now a 6 at the close of the work should bea 5, and 
the quotient figure 2 would be correct; but if the final 2 in 
the diviaoe should be 2—} or $=1°66, &c., then the 6 at the 
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end should be a 7, and 3 would be the correct quotient 
figure ; so that here, as in contracted multiplication, the last 
decimal in the result may err by a unit. 


2, Divide 7-66858 by 22. 0325)7°66858(235'956 
100 -» 650 
Here, 3}=3°25, and ~~" =-0325; ae 
ieee 2 Peed Sagres 1168 
and as this decimal is strictly correct, 975 
the operation should proceed without — 
contraction till the final figure 8 in 1935 
the dividend has been used; after 1625 
which, contraction must commence, —— 
as in the margin. 3108 


3. Divide 18°75, in which the 5 is not 2925 
strictly correct, by 2°01747. 





Ilere, instead of adding three zeros to 183 
the dividend, as we should do, or conceive 163 
to be done, if the last figure of the divi- —. 
dend were strictly accurate, we cut three 20 
figures from the divisor, and proceed as 19 
below, taking care, in multiplying by the — 
first quotient figure 9, to carry what arises 1 


from the dismissed figures of the divisor, namely 7. If the 
final decimal 5 of the dividend had been quite accurate, the 
operation would then have been as here annexed, and the 
quotient may be considered as perfectly accurate, as far as 
four places of decimals ; namely, 9°2938. 








2°01,747)18°75(9°29 2°01747)18°75(9°'29388 
= 1816 esse 1815723 
59 59277 
40 40349 
19 18928 
18 18157 
1 771 
605 
166 


160 


6 
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From the illustrations now given, you can find no difficulty 
in multiplying and dividing decimals, which are not in them- 
selves strictly correct in the final figures, so as to secure the 
greatest possible accuracy in your results. The subject is 
one of very great importance, and it therefore deserves your 
careful attention. 

In the following exercises the final figure of each decimal 
is supposed to be more or less inaccurate, except when other- 
wise stated. 


Exercises. 
1. 31°782 + 4°817. 11. 1708°4592 00024. 
2. 2490°3048 + '573286. 12. °3412+8°4736. 
3. 2°149+500°78. 13. 75°347~+°3829. 
4. 47°298+6°029. 14. 1+10°473654. 
5. 4650°75 + 325. 15. 5:°474558+31. 
6. 8°6134-+7°3524. 16. 3+°1045. 
7. 16°804379-+3°142. 17, 23,8, -+87-64378. 
8. 673°1489=+ 41432. 18. 14°3589-+°7854. 
Y. 2°7182818+3:1415927. 19. 2972160+31773°244. 
10. °00128-+-8°192. 20. 103°9386-+-1059°108. 
21. Perform Ex. 7 on the supposition that the final figure 2 
of the divisor is strictly accurate. 
22. Perform Ex. 20 on the supposition that the final figure 6 
of the dividend is strictly accurate. 
28. Perform Examples 3 and 12 on the supposition that each 
dividend is strictly accurate. 
24. The old wine- gallon contained 231 cubic inches; the new 


or imperial gallon contains 277°274 cubic inches, the 
third decimal, however, 4, being a little too great: it is 
required to find how many imperial gallons are con- 
tained in the old wine-hogshead of 63 wine-gallons, old 
measure. 


(91.) Application of Decimals to Concrete Quantities. 


The application of Decimals to Concrete Quantities, is so 
like the application of whole numbers and common fractions, 
as to render any distinct rules here unnecessary: it will be 
sufficient to present to you a few examples, worked at length, 
as specimens of the operations. 


DECIMALS. 


Ex. 1. Find the value of -761£. 


The work is in the margin, and 
consists, a8 in common reduction, 
in simply reducing pounds to shil- 
lings, pence, and farthings. The 
answer is 15s. 24d., and the deci- 
mal, °56 of a farthing, or 158. 22d. 
nearly. 

2. Ilow much is ‘37 of 158. 5d.? 

Here, 158. 5d. = 185d., and 
185d. x ‘37 = 68°45d. = 58. 81d., 
and ‘8, that is, 4 of a farthing, 
or 5s. 84d. nearly. 

3. What decimal of £3 7s. is £ 

Here, as in fractions, the 
two quantities must be re- 
duced to a common denomi- 
nation, and then the latter 
divided by the former: it is 
matter of choice, whether you 
bring them to the lowest de- 
nomination mentioned or to 
the highest: the work by 
both methods is given in the 
margin: in the first method, 
the quantities are reduced to 
threepences ; in the second, 
to pounds : in the second, the 
7s. ig converted into ‘35£; 
the 3d. into ‘25s., to which 
the 2s. is prefixed ; and then, 
the entire number of shil- 
lings, namely, 2°25s., brought in 


2.0 


"1125£; so that the proposed quan- 
tities, in the denomination, pounds, 
are 3°35& and 1°:1125£; the latter, 


divided by the former, gives -332 


Ex. 1. 
T61E£ 
20 





15°220 @. 
12 
2°64 d. 
4 


2°56, 


1 2s. 3d. 2 

£. 8. 

3.7 
20 
67 
4 


268 
) 7 8. 
85 £ 


ee) 


12)3 d. 








2.0),2°25 8. 





1125 £ 
to 


] 


1, 


true to the nearest unit in the last 
decimal ; the 1 isa little too great, 
but the error would have been 


greater if 0 had been put instead. 


3°35) 1° 


d. 
3 


£. 8. 
1 2 
2 


——) 


ee 


te 
wm bo 


) 89(-3321 
804 
86 
804 
56 
536 


ee 


24 


1125(-3821 
005 


1075 

1005 
70 
670 


30 
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4. What decimal of £5 is £3 17s. 62d. ? 4)3 
Here, the shortest way is to proceed — 
according to the second of the above 12) 6°75 
methods, and to reduce the 17s. 63d. —— 


to the decimal of a £, as in the margin, 2.0)1,7°5625 
and then to divide by the £5. The deno- —————— 
mination, £, here placed against dividendand £5)3°878125£ 
divisor, might have been omitted, since the ————_ 
quotient is the same abstract number whether "775625 
dividend and divisor be concrete or not. 

5. Reduce 2s. 93d. to the decimal of 7s. 92d. 

Here, it would seem, that the best way is to 5)9 
reduce first to the lowest denomination, farthings, —- 
and then to divide the former quantity by the  5)1°8 
latter: it is plain, however, that the two may be — 
a little simplified, by dividing each by 3: thus, 36 
28. 99d. lijd. fe = 
Te. 03d. 28. 7d. 1257. ~ #5? WE UAV 
therefore, merely to turn the fraction, =%, into a decimal, by 
actual division, as in the margin; so that 2s. 92d. is °36, 
that is, 86 hundredths of 7s. 92d. 





6. Reduce 7 drams to the decimal Ex. 9. 
of 1 lb. avoirdupois. "28 £ 
iF 7 — 027344 ais 
Oe AEG. — 

7. Reduce 14 min. to the decimal 112 
of a day. 28 


14 riety 
Here, 60 x24 == 0097. ie) ee 
8. Find the value of -0125 lb. troy. 
Here, -0125x 12x 20dwt.=8dwt. 


tena 


9. If & yard cost %£, what will © 27 
12 yard cost ? “0 
Here, 32 = °375; 3 = ‘28, and ; 
12 = 14; -. °3875 3 14 3: -28L on - 
"28x 1:4 
[ay OF = 1 Os. 11d. oe 
4°08(11 d. nearly 
nearly. 
Exercises. 
Required the values of the following decimals, &c. 
1. 09375 acres. 2. 3°6285 degrees. 


3. °4625 tons. 4. °4375 shillings. 


17. 
18 


20. 


21. 


22. 


23. 
24, 
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. 78125 of £2 10s. 6. 4694 Ib. troy. 

. £19 178. 33d. in pounds. 8. +54; X ts in decimals. 
. Reduce 9d. to the decimal of a £. 

- Reduce 5h. 48 min. 49°7 sec. to the decimal of a day. 

. What is ‘315 of 2 lbs. 7 oz. 15 dwt. troy ? 


Multiply £3 48. 6d. by 1°46875, and find the product 
in £& 8. d. 

Divide £10 11s. 8d. by 29°25, and find the quotient 
in & 8. d. 


. What common fractions are equal to 1:36 and °1634 ? 
. The time between one new or full moon and the next is 


29°5305887 days: reduce the decimal to hours, minutes, 
and seconds. 


. The circumference of a circle is 3°1416 times the 


diameter: the earth’s circumference is about 24857 
miles: find its diameter, as near as can be depended 
on; the 6, in the foregoing decimal, being slightly too 
reat. 

The diameter of the sun 1s about 883220 miles: find its 
circumference, as near as can be trusted (see Ex. 16). 

What is the value of °121875£+17s. 62d. ? 

What is the value of °875£+°37 crown ? 

Work the following by decimals: If 23 qrs. of sugar 
cost £1 17s. 6d., what will 1 cwt. 3 qrs. 21 lb. cost? 
If 24 ac. 3ro. 39 per. can be reaped in 124 hours, how 
much can be reaped by the same hands in 15h. 

48 min. ? 

If £6 13s. be the wages of 8 men for 3°25 days, what 
will be the wages of 20 men for 9°25 days? 

Find the value of °34 of :26 of £2 13s. 1d. 

Reduce ‘47 of -28 of 7s. 14d. to the decimal of £1 14s. 84d. 





(92.) Recurring, or Circulating Decimals. 


Before concluding the arithmetic of decimals, it is proper 
to say a few words about what are called recurring, or cir- 
culating decimals. They are so called, because the figures 
of which they consist continually recur, presenting either a 
constant repetition of the same figure, after a certain num- 
ber of figures, or a repetition of the same set or row of 
figures: thus, °3333....is a recurring decimal; so also is 
"75438543 ..., and °592592...., &c. In the first of these 
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instances, 3 is the recurring figure; in the second, 543 is the 
recurring pertod, as it is called; and in the third, the recur- 
ring, or circulating period, is 592. Instead of repeating the 
period, it is customary to write it but once, and to put dots 
over the extreme figures of the period, by which we are to 
understand, that those figures recur without end: the three 
instances just noticed would thus be more briefly expressed as 
follows: °3, °7543, and ‘592. Decimals, of which the figures 
have this periodic character, very frequently present them- 
selves in converting a common fraction into a decimal; 

indeed, they always present themselves whenever the deno- 
minator of a vulgar fraction, in its lowest terms, is not 
entirely resolvable into factors consisting of 2’s and 5's. 
You are aware, that, in order to convert a fraction into a 
decimal, we divide the numerator by the denominator, con- 
tinually annexing zero after zero to the former, till the 
operation terminates of itself, or till we arbitrarily put a stop 
to it: and it is plain, that if we are at liberty to put as many 
0's as we please to a number, that number, with the zeros 
attached to it, will become divisible, without remainder, by 
as many 2's and 5's as we please. Hence, a fraction whose 
denominator has no other simple factors but these, is always 
equal to a finite or terminable decimal : but, if other factors 
enter, or, which is the same thing, if, after removing all the 
2’s and 5’s, a factor still exists in the denominator, then, the 
decimal, equal to the fraction, will be interminable, because 
this remaining factor, not being divisible by either 2 or 5, 
must terminate, either in a 1, a 3, a7, ora 9; and no quo- 
tient-figure, multiplied into either of these, can ever produce 
a 0, as the terminating figure of the product, so that we 
might bring down 0’s continually, without any hope of the 
work ending of itself: the following are a few instances. 


=“1ille. = 1 shig = (008497133 
- = 0909... = 09 ele = 4-7543 


1665 
2$ = -592592... = 692] ~, = -052631578947368421. 


As the last of these examples shows, a very simple fraction 
may give us a good deal of labour, before we can determine 
the circulating period of its equivalent decimal:* but, ina 


* A method of abridging this labour was given by Mr. Colson, in 
Sir Isaac Newton’s ‘‘ Fluxions.’’ An analogous method, much more 
convenient and expeditious, was proposed by the author of this Rudi- 
mentary Treatise, in Vol. xxxvi. of the Philosophical Magazine; the 
numbers for January and February, 1850. 
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case like this, such determination would be more curious than 
useful: it is easy to prove, however, that, the fraction being 
in its lowest terms, the period can never have so many figures 
as there are units in the denominator of the fraction: in the 
case of ~;, for instance, we might be sure that the period 
could not have more than eighteen figures, which number we 
see It actually contains. The reason is this: the period can 
extend itself only so long as the successive remainders we 
arrive at, in carrying on the division, do not recur: when- 
ever we come to a remainder, the same as one already em- 
ployed, then, of course, the quotient-figures between the two 
must also recur; but this recurrence is postponed so long as 
the remainders continue to be all different; and as no re- 
mainder can be greater than the number which is a unit less 
than the divisor, it is plainly impossible that there can be 
more different remainders than is expressed by the divisor, 
minus 1. And this is, in general, all that we can say about 
the extent of the period, previously to actual trial. 

Although recurring decimals are thus always interminable, 
you are not to infer, that interminable decimals are always 
recurring; those only are recurring which arise from the 
development, as it is called, of a vulgar fraction; such 
decimals are always convertible back again into the finite 
fractions to which they are equivalent; but many intermina- 
ble decimal values occur in calculation which cannot be repre- 
sented by a finite fraction, and which, therefore, are not 
recurring decimals. Of such decimals, only a finite portion 
of the interminable row can be used in computation, so that 
some amount of error in the abridged forms is unavoidable : 
in the preceding articles, I have shown how to exclude from 
any result that part of it which this imperfection would 
influence. When the decimals with which we work are 
recurring, the imperfection, consequent upon our using only 
a finite number of figures, can be rendered as minute as we 
please; for one period being given us, we can always add on 
as many true decimals as we like, instead of employing zeros 
when we want additional places; to use zeros for such a 
purpose in recurring decimals, you will, of course, see, 
would be an intentional departure from strict accuracy: but, 
in dealing with circulating decimals, the way to avoid imper- 
fection altogether, is to convert them into their equivalent 
vulgar fractions; the rule for this is as follows. 
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(93.) To convert a Recurring Decimal into its equivalent: 
Vulgar Fraction. 


Rue 1. Write down only the figures after the decimal 
point, up to the end of the first period, omitting the leading 
0’s, if there be any, and consider the number thus written to 
be a whole number. 

2. Subtract from this whatever portion of the decimal 
there may be which precedes the period, regarding this 
portion as a whole number also; the remainder will be the 
numerator of the equivalent fraction. 

3. For the denominator, write as many 9's as there are 
figures or places in the period, followed by as many 0's as 
there are decimals preceding the period. Prefix to the frac- 
tion whatever whole number may have been prefixed to the 
decimal. 

Ex. 1. Convert -(09 into its equivalent fraction. 

Here, omitting the leading 0, we write 9 as a whole num- 
ber ; and as no decimals precede the period, the 9 will be the 
numerator of the required fraction, and 99 will be the deno- 
minator: therefore the fraction is % = +,. 

2. Convert °692 into its equivalent fraction. 

Here, agreeably to the rule, the fraction will be 5283, 
which, by dividing numerator and denominator by 37, re- 
duces to 34. 

3. Convert 4°7543 into its equivalent fraction. 

Here, the figures first to be written down are 7543, as a 
whole number, and from this, the whole number 7 is to be 
subtracted: the numerator is therefore 7536, and the deno- 
minator 9990; consequently, the fraction, with the whole 


number 4 prefixed, is 43536 = 41256 = 7216, 
Exercises. 


Reduce to fractions the following decimals. 

135, 2-418, -5926, -00449, 3°7569, 621°621, -02439, 
857142, 1:0378, -008497133. 

To understand the principle of the rule, it will be sufficient 
to attend to the following simple and obvious cases, namely, 
B= c11111...., dy = °010101...., phy = 001001....., 
sory = °00010001..., &c., from which it appears, that a 
recurring decimal, whose period commences immediately after 
the decimal pvint, is converted into un equivalent fraction, 
thus: if the period consist of but one figure, this figure, taken 
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as a whole number, must be multiplied by 4; if it consist of 
two figures, these, taken as a whole number, must be mul- 
tiplied by 2;; if it consist of three figures, the number must 
be multiplied by 53; and so on: thus, °3 = %or3;-7 = 1; 
692 = 523, &c.; which is according to the rule. If the 
period do not commence immediately after the decimal point, 


. B43 
as, for instance, in °7543, then °7543 = a = Ses = 
7x 999+-543 os 7000 —7+ 543 a 7543—7 


Be ON ae oc - which 

9990 9990 9990 : be ee ee 
27° 27 +543 

h e J lik bs = LEA 
with the rule. In like manner, -27643 ina Wi 
_ 27x 9994543 _ 27000274543 _ 27543-27 
99900 =e 99900 ~ 99900 ” 
so on, agreeably to the rule. 








J 


(94.) INVOLUTION AND EVOLUTION. 


WueEn a set of equal factors are multiplied together, this 
particular case of multiplication is called involution, and the 
product is called a power of the number or factor, thus 
repeatedly usgd. If the number be simply multiplied by 
itself, the product is the second power, or sguare of that 
number: if the second power be also multiplied by the num- 
ber, the product is the third power, or cube of that number: 
if, again, this be multiplied by the number, the product is the 
fourth power of that number: and so on, the number of 
times we thus use the same number as factor, always marking 
the power of that number, so that numbers may be raised to 
the fifth, sixth, seventh, or any other power, however great, 
provided only we have the patience to carry on these suc- 
cessive multiplications by it. 

As this operation of involution is no more than common 
multiplication, there is nothing for me to explain in reference 
to the mode of performing it; and I here mention it, chiefly 
for the sake of showing you the meaning of a teri in fre- 
quent use, and of introducing another particular in notation. 

From what has just been said, you see that the second 
power, or square of any number, 3, for instance, is thus 
indicated: 3x3 = 9; that is, the square of 3 is 9: that the 
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third power, or cube of 3, is 8Xx3x3 = 27; that is, the 
cube of 3 is 27: that the fourth power of 3 is 3Xx8x3x3 
= 81; that the fifth power is3x3x3x3x8 = 243; and 
80 on, to any extent. You see that it would soon become 
inconvenient and tedious to repeat the equal factors in this 
way, when high powers are to be indicated ; and to avoid this, 
@ very neat and brief form of notation for powers has been 
devised : the number to be tnzolved or raised to the proposed 
power, is simply written down ; and then, over the right-hand 
upper corner of it, is placed, in smaller type, another number, 
expressing the power intended: thus, 3? indicates the square, 
or second power of 3; 3° indicates the cube, or third power 
of 3; 34 indicates the fourth power of 3; 38 the eighth power 
of 3; 312 the twelfth power; and so on. The number which, 
involved in this way, produces a power, is called the root of 
that power: thus, 3 is the square-root of 9; it is the cube- 
root of 27; the fourth root of 81; and so on: the notation 
for a root is the symbol ./, which, when no small figure is 
attached to it, implies, simply, the square-root ; when the 
cube-root is intended, a little 3 is connected with the symbol, 
thus 2/; when the fourth root is meant, a little 4 is used, 
thus {/; and so on. You will now have no difficulty in 
making out the meaning of the following statements. 

Since 3*= 9 «. ./9=8; since 3°= 27 .. 3/27=8; since 
34=81-. 4/81=3; &e. o ; 

Since 5’= 25... ./25==5; since 445= 64... 3/64=4; since 
74=2401 ©. 4/2401=7; &c. 

(95.) There is one thing that must occur to you in looking 
over these particulars: it is this.—that although the power 
proposed is very easily got from knowing the root, yet that it 
is not so easy to discover the root when we know only the 
power ; thus, you would find it no easy matter to get the 
fourth root of 2401, had you not previously seen that it was 
produced by successive multiplications of 7 by itself. This 
reverse operation, by which any proposed root of a number is 
found, is called Hvolution. The process of Involution is uni- 
form, whatever be the power to which a number is to be 
raised ; but it is not so with Evolution: the rule for the 
square-root would help you but little towards finding the 
cube-root, the fifth root, &c. Iam now going to show you 
how the square-root of a number is to be found, and after- 
wards how the cube-root-is to be found; but I must pre- 
viously tell you that comparatively few numbers are really 


EXTRACTION OF THE SQUARE-ROOT. 141 


squares or cubes; that is, numbers actually produced by 
squaring or cubing other numbers. We cannot, of course, 
find by rules what does not strictly exist; but By aid of 
decimals we can obtain approaimate square-roots, and cube- 
roots of all numbers: that is, by applying our general rules 
we can, by means of decimals, obtain a number which, when 
sguared or raised to the second power, shall produce a num- 
ber differing from the number whose square-root is required 
bY a fraction or decimal as small as we please. And we can 
also obtain a number which, when cubed or raised to the 
third power, shall produce a number differing froin the num- 
ber whose cube-root is required by a decimal as small as we 
please ; so that such square and cube roots may be taken as 
true square and cube roots, without any sensible error. 
Decimals are very useful in all calculations, where ap- 
proaimate values only are attainable. The following is the 
rule for finding the square-root accurately of a number, when- 
ever that number is strictly a square, and for finding the 
square-root approximately to any extent of decimals when, 
the number is not an exact square. . 


(96.) To extract the Square-root of a Number. 


Rute 1. Prepare the number for the operation thus :— 
Commencing from the decimal point, mark off the two final 
figures of the integral portion of the number; then the two 
ficures which precede them; then the two before these; and 
so on, cutting up the integers in this way into as many 
periods, of two figures each, as you can: and, returning to 
the decimal point, mark off pairs of decimals, proceeding 
froin left to right, in the same way. As we are at liberty to 
put a 0 at the end of the given decimals, we may always 
make the number of them even; so that the decimals will 
consist of complete periods, without any odd figure over; 
but if the integers be odd in number, then, besides the periods 
of two figures each, there will be the leading figure standing 
singly; this leading figure, however, is still called the jirst 
period. 

2. Attend only to the first period, and find the greatcet 
number whose square does not exceed the number in that 
period. ‘This can never be matter of the slightest difficulty ; 
for as the period can never be a number of more than tero 
figures, it will be very easy to see which of the nine digits 
multiplied by itself approaches nearest to it. The greateta 
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number thus found is the first figure of the root: write it in 
the place in which you would put it if it were the first figure 
of a quottent ; that is, to the right of the proposed number ; 
subtract the square of it from tho first period, and to the 
remainder annex the second period, and you will have a 
number which may be called the first dividend. 

3. After this leading step the operation assumes a new 
form. To the left of the first dividend mark off a place for 
the corresponding first divisor, which you find thus :—Put 
twice the root-figure just found in the divisors place; the 
leading figure, or if the root-figure exceed 4, the teo leading 
figures of the required divisor will thus be found, and you 
will now have a dividend, and the leading figure or figures 
of its divisor, to find the corresponding quotient-figure; and 
you know, from common division, that it is mainly the lead- 
tng figures of a divisor which suggest the first figure of the 
quotient. Find then the quotient-figure froin this incomplete 
dirisor ; the quotient-figure thus found forms the second 
_ figure of the root, and, annexed to the incomplete or trial 
divisor; it renders it complete; you have only then, as in 
division, to multiply the complete divisor by the figure just 
found, to subtract the product from the dividend, and to 
annex to the remainder the third period ; you will thus have 
the second dividend. 

4. Proceed step after step in this way, writing against 
every dividend twice the number formed by the root-figures 
previously found; you will thus always get the incomplete 
or trial divisor belonging to that dividend, and thence a new 
root-figure ; with which, as before, the incomplete divisor is 
to be completed. 

You know that in common division the quoticnt-figure 
suggested by the leading figures of a divisor is not always 
the true quotient-figure; for we cannot always foresee the 
full influence of the carryings. So here, the root-figure, 
suggested by an incomplete divisor, may prove to be erro- 
neous when that divisor is completed, and the multiplication 
of it by the figure under trial executed. In such a case we 
do exactly as we would in common division. (See page 30.) 
: example worked at length will sufficiently illustrate 
the rule. 
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Ex. 1. Extract the square-root of 56782°432. 
Here, the proposed num- 


ber divided into periods of 5,67, 82, °43,20(238°2906 
two figures each, as the first 4 

precept of the rule directs, — 

is 5,67,\82,°43,20, and the 43)167 

first root-figure is 2, this 129 

being the greatest number, —— 

whose square (4) does not 468) 3882 

exceed the first period, 5: 3744 


the square of this 2, sub- 
tracted from the first pe- 4762)13843 
riod, leaves for remainder 9524 
1, which becomes 167, when 
the next period is brought 47649)451920 
down. Hence, 167 is the 428841 
first dividend, and 4, the 
double of the root-figure, is  4765806)30790000 











the first trial, or incomplete 28594836 
divisor. Looking at this 4, —___—~ 
in reference to the 16 in the 2195164, &c. 


dividend, 4 is suggested as 

the quotient-figure ; but, foreseeing that unit would have to 
be carried, we know that 4 will be too great. Putting, 
therefore, 3 for the second root-figure, and the same 3 against 
the incomplete divisor, we proceed, as in division, and obtain 
the second remainder, 38, which, when the next period is 
brought down, becomes 3882, the second dividend. Doubling 
the 23, the number formed by the root-figures already found, 
we have 46 for the incomplete divisor of 3882; so that the 
corresponding quotient-figure—that is, the third root-figure 
—is 8, which placed against the 46, gives 468 for the 
true divisor: hence, the third remainder is 138, and another 
period being brought down, the third dividend is 13843. 
The trial-divisor of this, that is, the double of the root, thus 
far found, is 476; and, therefore, the quotient-figure, that is, 
the fourth root-figure, is 2, and, therefore, the complete 
divisor is 4762. 'The next dividend is 431920, and the trial- 
divisor belonging to it is 4764, so that 9 is the fifth figure of 
the root: completing the divisor with this 9, we get the next 
remainder, 3079, which, with another period brought down, 
namely, 00, gives the next dividend, 307900, the incomplete 
divisor of which, the double of 28829, is 47658. It is 
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obvious, from the leading figure, that this, when completed, 
will be greater than the dividend: hence, the next rvot- 
figure is 0; and the next dividend, formed by annexing 
another period of zeros, is 30790000, the corresponding 
incomplete divisor being 476580, the double of the root, so 
far as it goes. The incomplete divisor gives 6 for the next 
root-figure, and 4765806 for the complete divisor; and, by 
bringing down zero periods in this way, step after step, we 
may extend the root to as many decimal places as we please. 
In the work in the margin, it has been carried to four places 
of decimals, and the number 238-2906, thus determined, is 
said to be the approximate square-root of 56782°432; and 
the decimals are all true, as far as these four places, Never- 
theless, as more decimals would follow if we were to continue 
the work, the final figure, 6, needs a fractional correction ; 
we know that it is too small, by some fraction, or decimal of 
a unit, in the fourth place. On this account, we could not 
expect to recover the proposed number exactly, by squaring 
this incomplete root. 

From the principles already taught (page 120), you know 
that if you were to multiply 238-2906 by itself, the result 
could not be depended upon beyond the first 
decimal ; for, as there are seven figures ineach 238:2906 
factor, and but eight decimals in the complete 6092832 
product, the number of decimals to be depended =——-—— 
upon is only 8—7 = 1, the other seven deci- 4765812 


mals being necessarily inaccurate. You must 713872 
always keep in remembrance the influence of 190632 
this error, in the last decimal of an approximate 4766 
result, whenever you have occasion to use it 2144 
in multiplication or division ; and be careful to 14 


avoid the common mistake of supposing that, 

because you have got the square-root of a 55782°4 
number true to several places of decimals, that 

the eguare of that root can be true to anything like the 
same extent. The square of the root just obtained, as far 
as one decimal place, which is all that can be safely de- 
pended on, is found by contracted multiplication, as in the 
margin.* If you take the trouble to multiply the root by 
iteelf, without any contraction, you will find the product to 
be 56782°41004836. By extending the decimals of the 


* See note, page 125. 
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root, the square of the root may be made to differ from the 
number proposed by a quantity smaller than any that can be 
assigned; so that you always have it in your power to 
approximate to the truth, as closely as you please. ° 

(97.) We must now return to our worked-out example at 
page 143, for I have some particulars to mention to you, as 
to the abridgment of the operation. You may, in general, 
take it for granted, unless the contrary plainly appear, that 
when a number containing decimals is given you to work 
upon, the final decimal of that number will be only approai- 
mately true. You may consider, therefore, that the num- 
ber proposed in the example referred to, has, in its complete 
state, a long string of decimals, and that the decimals have 
been reduced to three, for convenience, or, because more than 
three decimals would encumber the value with an unneces- 
sary degree of accuracy; consequently, when we have used 
the final decimal 2, we may conclude, that the final figures of 
the subsequent dividends will be affected with error, and our 
business is, to exclude the influence of this error from the 
figures of the root. It is plain, therefore, that after having 
arrived at the dividend, 43192, and its divisor, 47649, con- 
tracted division only should be used: you must see, too, that 
as each divisor differs from the next trial-divisor following, 
only by having the double of the new root-figure added to it, 
these successive additions can have no influence on any con- 
tracted divisor, because the figures that would be influenced 
become cut off. Hence, after the 
final decimal 2 has been used, the 4,7,6,4,9)43192(9064 


remaining part of the operation is 42884 
simply that of contracted division, => 
which terminates of itself, as soon 308 
as all the root-figures that can be 286 
depended upon are obtained: the — 
root may, therefore, be extended, 22 
as in the margin ; and we may con- 19 
sider it to be correctly determined, 

as far as five places of decimals; 3 


its value being 238°29064: but as 

the quotient-figure 4 is somewhat more below the truth than 

5 is above it, it might be better to write 238°29065 for the 

root ; if we knew that the final decimal in our proposed num- 

ber were a little too small, we should affirm the latter to be 

the better approximation to the root; but, if we knew that 
H 
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our proposed number were a little too great in its last deci- 
mal, we should prefer the former approximation: we cannot, 
therefore, be quite sure as to the ast decimal, within a unit. 

In the following example, contraction is used as soon as 
the decimals in the given number have been employed. 

2. Extract the square-root of 58352°74. 

The work in the margin 


shows the root as far as 
four places of decimals to be 


5,83,52,°74(241°5631 
4 


241°5631: you cannot de- 44)183 
pend upon it to any greater 176 
extent. —— 
(98.) Ithink youmustnow 481) 752 
sufficiently see the manner in 481 
which you are to proceed 
with the extraction of the 4825)27174 
square-root, when you desire 24125 


that root to be encumbered 
with no more decimals than 
you can place reliance upon. 
You can, of course, adopt the 
same method of contraction, 
when you have to approxi- 





4.8.3.0) 3049 
2898 

151 

145 


mate to the square-root of 
a whole number, in itself not 
a square: as the process, left 
unchecked, would go on with- 
out end, you would fix a 
point at which restraint should 
be put“ipon the increase of figures; and, by using con- 
tracted division from that step, bring the operation to a 
close: you can always aed see, from counting the number 
of figures in any divisor, how many root-figures, from that 
stage of the work, will be added on by the contracted di- 
vision. 

After the first step in the extraction of the square-root, 
you need not take the trouble to multiply the root-figures by 
2, in order to get the several trial, or incomplete divisors, 
since each trial-divisor is formed from merely adding twice 
the last root-figure to the preceding divisor; in practice, the 
several trial-divisors are always derived from one another in 
this way. I may also remark here, that some people mark 
off the periods, in the number proposed for extraction, by 


~leo| 
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putting a dot over the last figure of each period: thus, the 
periods of the number in last example are distinguished in 
this way; 58352-74: you can, of course, use, in your own 
practice, whichever way you please. 


(99.) It is not easy to give a satisfactory proof of the foregoing method 
of extracting the square-root without the aid of algebra; but I will 
endeavour to explain the reason of the several steps of the operation by 
help of arithmetic only. To understand this explanation, you must first 
become convinced of the following property: namely, that if any number 
be separated into two parts by the sign plus, the square of that number 
will always be made up of the squares of the two parts plus twice the 
product of those parts. Take, for instance, the number 9, of which the 
square is 81; this square is made up of the squares of 4 and 5 (which 
together make 9) plus twice 4x5; it is also made up of the squares 
of the two parts 3 and 6 plus twice 3x6; or of the squares of the two 
parts 7 and 2 plus twice 7 x 2, and so on: that is, 97?=4?+2 (4 x 5) +5? 
=3?+2 (3x6) +67 7742 (7x2) +2?=874+2 (8x1) +12, &c. And 
the same property holds, whatever be the number, and into whatever two 
parts it be separated. It is this general property that has suggested the 
rule for the square-root. Let us take any square number; the square of 
8764, for instance ; which is 76807696. If from 
having this square given, we wished to return to 76 80,76 96(8764 
the root, we should readily foresee, that by 64 
dividing it into periods, as already explained, — 
and then regarding only the first period 76, the 167)1280 


Jeading figure 8 of the root could be at once 1169 
discovered. As the local value of this 8 is 8000, —_—— 

we know, from the foregoing property, that the 1746) 11176 
proposed number is made up of the following 10476 
parts: namely, 8000?7+2 (8000 x 764) + 764?, —— 
which is the same as 8000?+ (2 x 8000+ 764) 17524) 70096 
764. So that after having subtracted the square 70096 


of the first root-figure, the remainder, or what 

has been called above the first dividend, is (2 x 8000+ 764) 764.* The 
divisor for this, which would supply accurately all the remaining figures 
of the root, namely the figures 764, is evidently 2 x 8000+ 764. But this 
divisor we cannot completely get, as the figures 764 which enter it are 
those of which we are in search; but we can get the greater part of it; 
namely, the part 2 x 8000, from knowing the already-found first figure 
8, or in strictness 8000. We avail ourselves, therefore, of this, and call 
it our first ¢rial, or incomplete divisor; this assists us in discovering the 
single figure 7, by which we are enabled to correct our trial divisor, by 
adding to it the part thus suggested, namely 700; and so corrected, we 
call 2 x 8000+ 700 our complete divisor, since it completely answers for 





* The remainders, or dividends, are conceived to bave the figures of 
the proposed number, afterwards brought down two at a time, to be 
actually appended to them; but, just as in long division, the remainders 
are kept free of these additional figures till they are wanted for use, in 
order to save unnecessary repetitions. It may be noticed here, that the 
notation above means that the whole of the quantity enclosed in the 
brackets is to be multiplied by 764. 
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the figure 7 of the root, though not for the figures which follow. After 
multiplying this complete divisor by the local value, 700, of the quotient- 
figure 7, we get (2 x 8000+700) 700, which subtracted from the first 
dividend, leaves 2 x 8000 x 64+ 764?— 700%. But by the general property 
with which we started, 764°= 7007+ 2 (700 x 64) + 642: consequently, 
the remainder spoken of is 2 x 8000 x 64 + 2 x 700 x 64+ 647; or, which 
is the same thing, 2 x 8700 x 64 + 64?= (2 x 8700+ 64) 64. And this is 
our second dividend. Now just return to the preceding expression for 
the first dividend, and you will observe a perfect correspondence; the 
first dividend consists of twice the number already in the root + the 
number formed by the remaining figures, multiplied by that number; 
so here the second dividend consists of twice the number already mn the 
root + the number formed by the remaining figures, multiplied by that 
number. Consequently, just as we got the second figure of the root out 
of the first dividend, so we may now get the third figure out of the second 
dividend; that is, the step by which the third figure is to be obtained 
must be exactly similar to that by which the second was obtained; and 
therefore, figure after figure is to be found by a series of uniform steps, 
as in the operation given at length in the margin, which you will find 
upon examination to be in strict accordance with what is here explained, 
when the several remainders or dividends are completed, by the latter 
figures of the original number being appended to them. In the work, 
these figures, to save repetitions, are not actually brought down till they 
are wanted. 


Exercises. 


Extract the square-root of each of the following numbers, 
those of them which terminate in decimals being only ap- 
proximately true in the last figure, except where otherwise 
stated. 


1. 31°782153. 2. 115°297356. 

3. *8236068. 4. 11, to six decimals. 

5. 473256, to three decimals. 6. 3, to eight decimals. 
7. 903687890625. 8. 365, to eight decimals, 


9. 32°398864, the last decimal tre. 
10. 000729, the last decimal true. 


11. 784°375 12. 79°182. 

13. 68°736, to nine decimals, the last, 6, being trwe. 

14, 2958, 15. 104. 

16. 173, to five decimals. 17. 158, to six decimals. 


18. 7944, to eight decimals. 19. 34°867844. 
20. The recurring decimal 7°6531 to seven places. 


(100.) There is another way of arranging the work for the 
square-root, which, although it presents to the eye more 
figures, and takes up more room, is nevertheless well worthy 
of your attention, on account of the very simple character of 
the several steps; and because, moreover, the operation, when 
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thus arranged, becomes only a particular case of the general 
process for the extraction of any root, however high. The 
operation, too, is the same, whether the sought root be that 
of a number merely, as here, or that of a numerical equation ; 
so that, if you ever advance to algebra, you will find a fami- 
larity with the arrangement given ne to be of much 
assistance to you in an important part of that subject. The 
work of the example last given, in the form here recom- 
mended to your notice, is as follows :— 








1 0 76,80,76,96 (8764 
8 64 
8 1280 (1) 
8 1169 
—(1) ea, 
16 11176 (2) 
7 10476 
167 70096 (3) 
7 70096 
—— (2) eee. 
174 
6 
1746 
6 
(3) 
1752 
4 
17524 


By comparing this with the work of the same example at 
page 147, you will see that the two operations differ only in 
arrangement. In the latter form, 1, 0, and the given num- 
ber, are written in a row; the 0 stands at the head of a 
column of work which gives the trial and true divisors; and 
the given number stands at the head of a column which fur- 
nishes the corresponding dividends; each trial-divisor, with 
the dividend to which it belongs, is marked (1), (2), &c, 
merely for the purpose of directing the eye to those numbers 
in the two columns which are directly concerned in the 
determination of the several root-figures; each true divisor is 
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always one step below the trial-divisor, which suggests it. 
The several steps of the work are of the simplest kind: 
having found the first figure 8 of the root, the 1 is multiplied 
by it, the product added to the 0, the result multiplied by 
the same 8, and the product subtracted from the first period : 
the 1 is again multiplied by the 8, the product, as before, 
carried to the divisor-column, and thus one step of the work 
is completed. The trial-divisor, 16, now suggests the next 
root-figure, 7, which, as before, is a multiplier of the 1; the 
product carried to the divisor-column gives the true divisor, 
and the product of this by the 7, carried to the dividend- 
column, and subtracted, gives the next dividend (2); the 1 
is again multiplied by the 7, and the product carried to the 
divisor-column, completes the second step; and so on, all the 
steps being uniformly the same. 

(101.) The operation for the cube-root of a number is 
merely an extension of this easy kind of work. In this case, 
the row at first written consists of 1, 0, 0, and the given 
number; this latter being now divided into periods of three 
figures each, the cube-root of the first period forms the first 
root-figure ; this, as before, is used as a constant multiplier 
throughout the first step or stage of the operation, the pro- 
ducts by it contributing to form ézco columns of work under 
the 0’s, and a third column under the given number: thus, 
the rovt-figure is applied, as a multiplier, to the 1, and the 
product is added to the first 0 ; the same multiplier is applied 
to the sum, and the product added to the second 0; the 
same multiplier is applied to this next sum, and the product 
subtracted from the first period. To complete the step, we 
return to the 1, applying still the same multiplier, adding 
the product as before to the first column, applying the same 
multiplier to the sum, and adding the product to the second 
column, at which we now stop: we then return again to the 
1; apply the multiplier, and add the product to the first 
column, carrying the process no further: the first step is now 
completed; the number last found, in the second column, is 
the trial-divisor for finding the next root-figure; with which 
root-figure we proceed through the same course of multiplica- 
tions, &c., as at first, and thus get, under the trial, the true 
divisor, and thence the next dividend. 

The following example exhibits the steps at length, the 
numbers in the three columns, which appear at the end of a 
step, being marked (1), (2), &c., as in the square-root form. 
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EXTRACTION OF THE CUBE-ROOT. 
Ex. 1. Extract the cube-root of 411001037875. 














1 0 0 411,001,087,875 (7435 
7 49 343 
7 49 68001 (1) 
7 98 62224 
-_ == (1) 
14 147 5777087 (2) 
856 4948407 
—(1) maniees 
15556 828630875 (3) 
4 872 828630875 
em (2) Poa eee 
214 16428 
4 6669 
218 1649469 
4 6678 
—-(2) ———(3) 
222 1656147 
3 111475 - 
22.28 165726175 
3 
22.26 
3 
—— (3) 
2229 
5 
22295 


You of course see why the figures below the (1), (2), &c. 
in the first column are put each one place further to the 
right ; it is because the root-figures which produce them are 
each one place further to the right, the local value diminishing 
at a ten-fold rate. The corresponding numbers in the second 
column are pushed two places to the right, because the mul- 
tiplicand and the multiplier from which each is produced have 
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both of them advanced one place to the right; and the figures 
are pushed ¢iree places to the right in the next column, be- 
cause the multiplicand has advanced two places and the mul- 
tiplier one.* 

(102.) The foregoing process may be extended indefinitely. 
It may be applied to the finding of the fourth, fifth, sixth, or 
any higher root of a number: for the fourth root there will 
be four columns of work, for the fifth five columns, and so 
on.t But this is not the place to prosecute the subject 
further ; for additional information you must consult the 
works referred to at the close of the foot-note below, as also 
for an explanation of the reason of the operation above, which 
cannot be made sufficiently intelligible without the aid of 
algebra. I shall give you one other example in the cube- 
root, in order that you may see how the work is to be con- 
tracted when the proposed number ends in a decimal not to 
be depended upon; or when only a prescribed number of 
decimals is required in the root. You will observe, by 
examining what follows, that the contractions are so ma- 
naged as to exclude every decimal that would extend beyond 
the proposed limitation. 


* Should any reader of this little work be already acquainted with 
arithmetic, but acquainted with it only as it is taught in the common 
school-books, he will be agreeably surprised to find that a subject which 
must have occasioned him so much perplexity as the extraction of the 
cube-root, resolves itself into the above simple process. I claim no 
merit for it myself; it is due to the late Mr. Horner, of Bath, as a par- 
ticular application of his general method of solving numerical equations, 
One or two recent writers on arithmetic have had the discernment to see 
its superiority over the common rule, but not the generosity to mention, 
in connection with it, the name of its indefatigable author,—a man who 
has done more for the practical advancement of that part of calculation 
to which it belongs than any other mathematician since Newton. In 
order to prevent the possibility of this reproof being improperly applied, 
I must add,—though the addition is quite superfluous to those who know 
anything of his personal character,—that Professor De Morgan, who 
uses Horner’s method in all his arithmetical writings, is never chargeable 
with this disingenuous oversight. 

Stadents who may wish to know more about Horner’s method, may 
consult my recent ‘‘ Introduction to Algebra, and to the Solution of 
Numerical Equations ;’’ ‘‘ The Analysis and Solution of Cubic and 
Biquadratic Equations ;’’ and ‘‘ The Theory and Solution of Equations 
of the Higher Orders.’’ This latter work, which, with the separately 
published ‘‘ Appendix,’’ costs 188., is fit only for the advanced student. 

+ The fourth root may be obtained by first finding the square-root, 
and then the square-root of the result. 
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2. What is the cube-root of 98375:112 ? * 





























1 0 0 98375°112(46°163112 
4 16 64 
ie _ a 46163112 
4 16 34375 (1) 21136164 
4 32 33336 —_—____ 
= — (1) 18465245 
8 48 1039°112(2) 2769787 
4 756 636181 46163 
oe ¢ ) 27698 
12 5556 402°931 (3) 1385 
6 792 383:036 46 
— —=——(2) 5 
126 6348 19°895 (4) 1 
6 13°81 19°178 a 
= 2131-03300 
132 6361°81 ‘117 21136164 
6 13°82 639 anaes 
sce (9) (3) 852413200 
138 6375-63 78 127861980 
‘] 8:30 64 21310383 
ees — 1278620 
1381 — 6383'9,3 14 63931 
l 8:3 13 2131 
a (4) -_ 213 
138-2  6392°2 1 4 
‘1 “4 





—— (3 
13.8°3  6,89,.2°6 
To the above work I have annexed the reverse process of 
finding the cube of the root 46°163112, which, you see, may be 
depended upon as true, up to the sixth decimal place. In the 
first multiplication, which gives the square of the root, I have 
contracted the result to four places: in the next multiplica- 
tion, which gives the cube, the factors are also arranged for 
four places of decimals; but, agreeably to the recommenda- 
tion at page 126, only three of these places are preserved, in 
adding up the partial products. The result, you see, fully 
verifies the operation by which the root has been found ; for, 
as the final remainder in that operation is 1, the number 


Proof ...98375°111 


* The decimal points in the several steps of the work may be omitted; 
but I think it safer to preserve them. 
H3 
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actually exhausted by the process is 98375°111. And you 
may, in general, consider the last decimal of a root deter- 
mined in this manner as true to the nearest unit.* 

(103.) I shall conclude with a few examples, for exercise, 
recommending you to use the contracted method, for deci- 
mals, as soon as you are familiar with the process in its 
uncontracted form. And now having conducted you to this 
point, I think I may presume that you are in full possession 
of every important principle in the elements of Arithmetic. 
The remaining few pages will be occupied with certain 
business- calculations, of too easy and obvious a character to 
render it necessary, with your present knowledge, that I 
should accompany them with the same minute details, and 
lengthened explanations, that I have furnished to you in 
what has preceded. If you have only made yourself com- 
pletely master of what has now been taught, you may take 
up any more extensive treatise on Arithmetic, with the fullest 
confidence, that you will meet with no difficulty beyond your 
powers of successfully contending with. And, what is better, 
you will, I think, have acquired a deeper insight into the 
true principles of arithmetical calculation, than the majority 
of such treatises can afford you, inasmuch as you will have 
been habituated to think for yourself, to look for reasons as 
well as rules, and so have been fitted, by the proper mental 
preparation, to enter safely upon any department of scrence 
you may hereafter feel disposed to cultivate. 


Exercises. 
Find the cube-root of each of the following numbers. 
1. 9126738 "4G, 11529786 
2. 527384375 8. 822650 
3. 21024576 9. 78314°6 
4. 80677568161 10. 12345°678 
5. 411001037875 1]. 123°456789 
6. 7835:8748 12. 9, to nine decimals. 


* In marking off the figures to be dismissed in the contracted portion 
of the operation, it is of course matter of indifference whether dots be 
employed, as at page 130, or dashes, as in the example above. In 
working with the pen, the latter is the more convenient way; though it 
cannot be used in print without so separating the figures as to drive them 
nut of the proper vertical columns. In print, therefore, dots would seem 
preferable; tut when figures fall below those thus dotted, the dots might 
be mistaken for decimal points connected with the latter; so that, in the 
extraction of roots, it is better to tick off the figures as above, both in 
printing and in writing. 
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(104.) INTEREST, DISCOUNT, INSURANCE, &c. 


INTEREST is the sum paid for the use of money by the 
borrower, or him who holds it, to the lender, or him who 
deposits it. The consideration agreed upon is usually at so 
much for the use of every £100 for a year, or, as men of 
business call it, at so much per cent. per annum ; or, simply, 
at e much per cent., per annum, or per year, being under- 
stood. 

The money lent or deposited is called the Principal ; the 
consideration for £100 for a year, the Rate of Interest; and 
the principal, together with the interest, for any length of 
time, is called the Amount in that time: thus, if £100 be 
lent under an agreement that £5 is to be paid for the use of it 
for one year, then, £100 is the principal lent; £5 is the 
rate per cent.; £10 is the interest for 2 years; and £110 is 
the amount in that time. 

The finding of the interest of a given sum of money at a 
given rate per cent. for 1 year, is obviously nothing more 
than a simple Rule-of-Three operation: for, as £100 is to 
the rate, so is the principal lent to the interest upon it; or, 
as £100 to the sum lent, so is the interest of £100 to the 
interest of the sum. And if the interest, thus determined for 
1 year, be multiplied by any number of years, the product 
will be the interest accumulated in that time; or, instead of 
multiplying the interest for 1 year by the nzmber of years, 
we may commence by multiplying the principal by that 
number, and make the stating afterwards. A formal Rule- 
of-Three stating is, however, generally dispensed with, and 
the operation conducted as follows. 


(105.) To find the Interest of a given Sum at a given Rate 
per Cent., for a given Number of Years. 


Rute. Multiply the principal by the number of years, 
the product by the rate, and divide the result by 100. 

Nore. When the rate is 5 per cent.,—a rate very com- 
monly charged,—the operation, simple as it is, becomes atill 
simpler: for the multiplication by 5, and the subsequent 
division by 100, may be replaced by a single division by 20 ; 
so that having multiplied the principal by the number of 
years, the 20th part of the product will give the interest. 
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Ex. 1. What is the interest of £587 168. 4d. for '7 years, 
at 4, 5, and 6 per cent. ¢ 


£. 8. d. £. 8. d. £. 8. d. 
587 16 4 587 16 4 587 16 4 
7 7 7 
411414 4 20)411,4 14 4 4114 14 4 
4 —_——_ 6 
a 205 14 8i+2f ————— 
164,08 17 4 eee 24668 6 0 
20 20 
11,77 5)205 14 84, 5percent. 17,66 
12 41 2 114, 1 per cent. 12 
9,28 164 11 94, 4 per cent. 7,92 
4 246 17 732, 6 per cent. 4 
1,12 3,68 


Hence, the interest at 4 per cent. is £164 11s. 914.4+.,/.; 
at 5 per cent., £205 14s. 8$d.+2/.; and at 6 per cent., 
£246 17s 73d.t3tf. The additional work in the middle 
column, shows how the interest at 4 and 6 per cent. may be 
obtained from that at 5 per cent., namely, by subtracting a 
fifth part of the latter interest, for the 4 per cent., and adding 
that fifth part for the 6 per cent. The fraction, 2 of a far- 
thing, has here been rejected: if it had been retained, the 
quotient by 5 would have been increased by 34 /. ; so that the 
resulting interests for 4 and 6 per cent. would have been 
increased, the former by 7, and the latter by 4i/.; and 
there would have been an exact agreement with the deter- 
minations of the other method. 

I have been thus particular, more for the purpose of showing 
you the strict conformity between the results of different pro- 
cesses than because such minute accuracy is necessary in actual 
practice. Fractions of a farthing are, of course, always dis- 
regarded in business; and in calculations respecting interest, 
pence is in general the lowest denomination noticed. See 
art. 107, 
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2. Find the interest of £619 9s. 6d. for 1 year, at 53 per 
cent. 

Either of the following three ways may be employed: in 
the last of these, the principal is halved, and the rate doubled. 


£. 8s. d. £. 2 d. £. & da. 
619 9 6 2.0)61,9 9 309 14 9 
5 ee ees 11 


oe 30 19 11, int. 5 per cent. 
3097 7 


6 | 38 1 lli,atdditto. 3407 2 3 

3] 309 14 9 ——_____ 20 
gee 34 1 5,at5dditto. —— 
34,07 2 8 perenne 1,42 
20 As 4 is the tenth part of 5, 12 
——— the tenth part of the interest —— 
1,42 at 5 per cent. is added. 5,07 

12 


etialss “£34 1s. 5d.=interest. 
5,07 ' 
3. What is the interest of £500 for 4 years, at £5 7s. 6d. 
per cent.? The work is given below in four different ways. 
Here, £5 7s. 6d. = £53 = £5°375 or = 43 &. 














£500 £500 £500 £500 
4 4 4 - 4 
2000 2000 2000 2000 
53 5-875 43 5 
10000 107,50°000 8)860,00 10000 
750 20 5s.=1| 500 
ee — £107 10s. 28.6d.=3] 250 
107,50 10,00 
20 107,50 
—— 20 
10,00 “.£107 10¢.=interest. — 
10,00 


In the first of these methods we have to take 2 of 2000, 
or, since ? = 144, we may take 3 of 2000, which is the 500 
above, and then add the half of that fourth, namely, 250. 
which gives 750. Instead of multiplying by 4 and by 5 in 
the first and third methods, we may, of course, multiply by 
20 at once. The product of the numbers expressing the 
years and the rate may always be used instead of those 
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numbers separately, whenever it is thought convenient to do 
80, a8 in the next example. 

4. What is the interest and amount of £212 10s. 4d. for 
22 years, at 24 per cent. ? 

Here 22 = ¥}, and 22 = 4, +. 28x22 => 88 = 7—}. 





£. 8. d. £. 8 d. £. 8. d. 
21210 4 8)212 10 4 21210 4 
7 ——_———- 23 
pease 2611 3 
1487 12 4 55=11x5 11 425 0 8 
4] 2611 34 ceaeenee 4106 5 2 
pee 292 4 22 i153 2 7 
1461 1 02 5 

20 a 584 8 5 
—— 1461 1 04 twice 23= 5 
12.91 20 eee 
12 2)2922 2 1 
as 12.21 a, 
2.52 12 1461 1 04 

4 —— 20 

ee 2.52 a 

2.10 4 12.21 

—_—— 12 

2.10 a4 

2.52 

4 

2.10 


Hence the interest is £14 12s. 21d., and, therefore, the 
amount is £227 28. 63d. 


(106.) When the Interest for any Number of Days ts 
required. 


Rue 1. As 365 is to the number of days, so is the 
interest for one year to the interest required; or, since twice 
365 is 730, and since, moreover, in finding the interest for 
1 year, we always have to divide by 100, after multiplying 
by the rate, we may proceed as follows: 

Rove 2. Multiply twice the product of the principal and 
rate by the number of days, and divide by 73000. 
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Ex. 1. What is the interest of £325 10s. for 3 years and 
89 days at 41 per cent. ? 
































By Rule 1. By Rule 2. 
£. &. £. @ d. £. 8. #£ 8. 
325 10 365 :89:: 14 12 113 2929 10=1464 15 
44 20 89 x2 
1302 0 292 26361 
162 15 12 23432 8. 
—— 44 10=10~x 89 
14.64 15 3515 —_—_——-£. 8. d. 
20 4 73 000)260 725 10(3 11 5} 
_—— 219 
12,95 14062 —— 
12 89 41725 
—_— 20 
1140 126558 
4 112496 834 510(11 
— 73 
1 60 365)1251518(3428228 — 
1095 104 
— 73 
1565 —— 
1460 31510 
—— 4)3429 f. nearly. 12 
£. 8. d. 1051 — 
14.12 1134+ 3fi int. lyr. 730 12)857 1/. 378 120(5 
3 — —- 365 
— 3218 20)71 5d. —— 
43 18 10} int. 3 yrs. 2920 13120 
3 11 5Sfint.89days. -—— £311 5} 4 
——_——- 298 ee 
47 10 34 whole int. 52 480(1 nearly. 


(107.) In this example, as well as in the examples which 
have preceded, I have been unnecessarily exact in computing 
the interest to the nearest farthing: but the odd farthings are 
disregarded in business-transactions, and interest calculations 
are considered sufficiently accurate when the true results are 
reached to the nearest penny. With this understanding, the 
operation by Rule 2 may be shortened. In dividing by so 
large a number as 73000, the odd shillings in the dividend 
may be disregarded ; or, if above 10s., the pounds may be 
increased by a unit. Now, since 73000 x quo- 
tient= dividend, it is plain, that if, by means ofany 3)73000 


division-operations upon 73000, we can reduce it 24333 
to unity, the same operations upon the dividend 2433 
will reduce it to the guotient, that is, to the in- 243 





terest for the proposed number of days. The 
number 73000 is reduced to unity, or, as nearly 1:00009 


to unity as is necessary fer the degree of accuracy 
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required, thus: Divide it by 3; divide the 
result by 10, and then the result of this divi- 
sion by 10, in each case disregarding re- 
mainders. Add up the four numbers, as in the 
margin, and point off five places for decimals. 
The result is 1°00009, which differs from 
unity by a quantity too insignificant to de- 
serve notice. These operations, therefore, per- 
formed upon the dividend, will give the in- 
terest with all necessary accuracy. Let us, 
for instanve, apply them to the dividend 
260730, excecding that above by £4 10s., 
the 73000th part of which is of no moment. 
You see that the result is £3 lls. 53d., as 
before ; and that it differs from the strictly 
accurate conclusion above only by a fraction 
of a farthing. 

It is this method which I would recom- 
mend you always to adopt in computing in- 
terest for days. 

I here give another example of it, which, 
for variety, is worked in the margin by de- 
cimals. 

2. What is the interest of £956 14s. 6d. 
for 7 days, at 43 per cent. ? 

Here, 14s. 6d. is reduced to the decimal of 
a £, and the product by the days multiplied 
by double the rate: the decimal of a £, in 
the resulting product, is rejected, and the 
integral value increased by unit. The answer 
is £0 16s. 6d. 

Note. When the interest is 5 per cent., 
then, since the double of the rate is 10, we 
have only to multiply by the number of days, 
and to point off but four places from the 
result of the remaining operations. 

(108.) You perceive that the particulars 
concerned in interest-calculations are these 


3)260730£ 


86910 
8691 
869 





3°57200£ 
20 





11°440 8. 
12 


5°28 d. 
4 
112. 


£956°725 
7 


6697°075 
9 


60273°675 


3)60274 


20091 
2009 
200 





"825744 
20 
16°5148 ¢. 
12 





6°1776 d. 


four, namel 
Principal, Rate, Time, and Interest ; the Amount is mere 
the sum of two of these, the principal and the interest. 


ty 


In 


the preceding examples, the three of these which have been 
given to find the fourth are the jiret three; but any other 
three being given, the fourth may be found, simply by rever- 
sing one or more of the operations exhibited above. 
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Ex. 1. In what time will £91 138. 4d. amount to £105 
6s. Odd. at 44 per cent. ? 

The principal and amount being given, the interest is given, 
namely, £13 12s. 84d. ; and we want to know the nu ae of 
years which has produced this amount of interest. For this 
purpose it is clearly only necessary to divide £13 12s. 84d. 
by 1 year’s interest. 








£. 3a. d. £. 8s. d. 
9113 4 13 12 84 
4} : 20 
366 13 4 272 
22 18 4 12 
389 1] 8 3272 
20 2 
7791 1870) 6545 (34 years. Ans. 
12 5610 
935,00 d., 1 year’s interest. 935 
2 935 


1870, halfpence. 
2. What principal put out to interest. for 34 years, at 41 
per cent., will amount to £105 6s. ¢ 
For a ‘principal of £100, the amount in the given time at 
the given rate is £100+£4°25 x 3°5 =£114'875. Conse- 
quently, since £105 6s.=£105°3 
114°875 : 105°3 :: £100 : a 13s. 4d. Ans, 
£. 
1,1,4,°8,7,5)10530 (91°667 
103388 20 








1912 13°348. 
1149 12 


4°08 d. 


ex|83| 
sca: | ae CO 09 


162 ARITHMETIC. 


3. What must be the rate per cent. in order that £142 10s. 
a! amount to £163 13s. 11d. in 44 years? 
ere the interest is £21 3¢. 11d., which is what would 
arise from multiplying £142 10s. by 44, by the rate, and 
dividing by 100: consequently, we have only to divide 
£142 10s. by 100, to multiply the quotient by 44, and then 
to divide £21 8s. 11d. by the result, in order to get the rate. 





. 8 There can be no sensible 
142 10 error in the rate by making 
20 the amount £163 14s. in- 
—_—_ £. 8s. d. stead of £163 13s. 11d. ; in 
2850 21 311 +#which case the interest is 
12 20 £21 48. £212: we may 
— therefore work thus by de- 
342,00 423 cimals :— 
44 12 £ 1-425 = principal -+ 100 
1368 5087 — 
854 2 5:700 
-_ "35625 








14534 x 2=2907)10174(34, rate. £. 
8721 £6,°0,5625)21-2(3°5, rate. 
182 


eee 


1453 ———- 
1453 30 
ae 30 


In the second method here given, all those decimals of the 
divisor have been cut off which, upon multiplication by the 
quotient-figure, would fall to the right of the decimal ‘2 in 
the dividend, agreeably to what has been taught in contracted 
division, because the decimal :2 is not strictly accurate, al- 
though the error is very minute. 


Exercises. 
1. What is the interest of £9826 138. 8d. for 1 year, at 
24 per cent. ? 
2. What is the interest of £896, for 24 years, at 34 per 
cent. ? 
3. What is the interest of £98 19s. 6d. for 11 months, at 
32 per cent. ? 


4. What is the interest of £3204 14s. for 37 days, at 5 
per cent. ? 
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. What is the interest of £256, from May 7 till Aug. 12, 

at 44 per cent. ? 

. What is the interest of £319 0s. 6d. for 52 years, at 

3% per cent. ? 
. What is the amount of £120, from Jan 7 to Sept. 12, 
1852 (leap year) at 4 per cent. ? 
8. What principal will produce a yearly interest of £341 5s. 
at 5 per cent. ? 
9. In what time will £2000 amount to £2280, if lent at 
34 per cent. ? 

10. If £42 38. 9d. be received for interest on £11250 for 
1 month, what is the rate per cent. per annum ? 

11. What is the interest of £193 12s. at £11 18s. 6d. per 
cent. ? 

12. The amount of money expended for the maintenance of 
the poor by the 607 unions of England and Wales, 
during the year ending at Michaelmas 1850, was 
£3469857, and during the year ending at Michaelmas 
1851 the amount was £3288192; what was the de- 
crease per cent. ? 

13. The population of Great Britain in 1841 was 18664761, 
and in 1851 it was 20936468: required the increase 
per cent. during the intervening ten years. 

14. The population of Ireland in 1841 was 8175124, and in 

1851, 6515794: required the decrease per cent. 


I OO 





(109.) Discount, in the usual meaning of the term, is only 
another name for Interest. In commercial transactions, 
payments are not always made in money, but often in what 
are called Bills of Exchange or Promissory Notes. These 
are stamped slips of paper, on which engagement is made to 
pay in cash, after the lapse of a specified time. The present 
worth of such a Bill, is that sum of money, paid down, 
which, when put out at the proposed interest for the specified 
time, will amount to just sufficient to pay the Bill when it 
becomes due. Thus, if the Bill be for £105, payable in one 
year, interest being at 5 per cent., then, since £100 present 
money would amount in one year to £105, if placed out at the 
proposed interest, £100 is the present worth of the Bill; the 
£5 thus allowed for cashing it being the true deduction or 
Discount. But Bankers do not discount Bills on these 
terms: it is not reasonable to expect they should: they must 
make @ profit by this as well as by other departments of their 
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business, and, therefore, they would charge, as discount, the 
full interest of the £105 for one year, namely, £5 5s. ; so that 
by discount, commercial men understand tnterest upon the 
sum discounted, during the period for which the payment of 
that sum is delayed ; what remains, after the deduction of this 
discount, is all that is paid down for a Bill, as its present 
worth ; hence, to calculate the discount of a sum of money, is 
the same as to calculate the interest of that sum, the time 
and rate per cent. being given. In Bills, however, three 
days, called days of grace, are added to the time specified for 
payment:* thus, if a Bill be drawn for three months after 
date, and be dated on the Ist of January, it does not become 
due till the 4th of April; and the interest or discount is 
accordingly calculated for three months and three days. In 
general, the whole time the Bill has to run is turned into 
days, and the interest computed as at page 160. The fol- 
lowing Table will be found very convenient in calculations of 
this kind. 





Table for the Number of Days from any Day in one 
Month to the same Day in another. 


Remember that in Leap Year another day is to be added to February. 








.| Sep.| Oct. Nov Dee. 


Jan.| Feb.|Mar, 


January | 365} 31) 59 
February ' 334 | 365] 28 
March ..! 306 | 337 | 365 
April ..| 275 | 306 | 334 
May....| 245 | 276 | 304 
June....| 214 | 245 | 273 | 2 
July ....| 184 | 215 | 243 
August... | 153 | 184 | 212 
Septemb.| 122 | 153 | 181 
October..) 92 | 123 | 151 
Novemb.| 61] 92/120 
Decemb. | 31| 62] 90 





* The reason of this is, that the law allows the indulgence of three days 
to the acceptor of a bill, as the person on whom it is drawn is called, 
before legal proceedings can be issued against bim for han er gsi but 
the bankers take care that the ‘‘indulgence”’ shall be paid for. The 
acceptor becomes legally responsible for the payment of the bill by simply 
writing his name acrose it, by doing which he is said to accept it. 
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Ex. 1. A Bill for £77, drawn on the 8th of March, at 
6 months, is discounted on the 3rd of June, at 5 per cent. : 
required the discount. 

The 6 months expire on the 8th of September ; therefore 
the Bill becomes due on the 11th of September. From the 
3rd of June to the 3rd of September is 92 days, and, there- 
fore, to the 11th of September it is 100 days. The interest 
of £77, at 5 per cent., for 100 days, is found, by the method 
already taught, to be £1 18. 14d., the discount required. 

The following example is one belonging to a class of cases 
of frequent occurrence in business. 

2. A Bill for £500 was due Feb. 2, 1851: of this sum, 
£80 was paid, March 9; £115, May 15; £25, June 1; and 
the balance, namely £280, Aug. 14: what interest was due 
at 5 per cent. ? 








£ £ 
1851, Feb. 2 Due500x35=17500 3)71545 See p. 160. 
Mar. 9 Paid 80 23848 
—— 2384 
420 x 67 = 28140 238 
May 15 115 
£9°8015 
3805 xX17= 5185 20 
June 1 25 





«£9 168. Int. due. 
280 x 74 = 20720 

Aug. 14 280 

—- 71545 








Exercises. 


1. What is the present worth of a Bull drawn on the 10th 
of January, 1852 (leap-year), at three months, for 
£1264 11s. 8d., at 4 per cent. ? 

2. How much cash must be received for a Bill for 
£218 lle. 8d., drawn on the 14th of August, at 4 
months, and discounted on the 3rd of October, at 4 
per cent. ? 

3. How much must be received for a Bill for £568 12s. 9d., 
dated April 27, at 7 months, and discounted June 3, 
at 5 per cent. ? 

4. What is a Bill for £1570 10s. 6d. worth on the 10th of 
January, supposing it to have been drawn at 5 months 
on the 30th of the preceding December: interest 34 
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5. A Bill for £39 5s. falls due on the Ist of September, but 
payment is offered on the 3rd of July preceding: what 
cash should be paid, the discount being at 5 per cent. ? 

6. A Bill for £150, drawn 11th of July, at 3 months, was 
discounted Sept. Ist, at 54 per cent.: how much did 
the holder of it receive ? 

7. A Bill for £500 was due Feb. 2, 1851, of which £80 was 
paid on the 9th of March following ; £115 on the 15th 
of May; £25 on the Ist of June; and the balance on 
the 14th of August: how much interest at 5 per cent. 
was due ? 

Nots. The present worth of the bills in the foregoing examples is what 
remains after deducting the banker’s discount, which, as you have already 
been told (page 163), includes his profit, and 1s more than the true dis- 
count. The rule for this is as follows :— 

As £100 increased by the interest for the time, that is, as the amount 


of £100 is to £100, so is the amount of the bill to its true present worth; 
as is obvious. 

If bills were drawn at a very long date, the banker’s discount would be 
enormous. Thus, a bill of £100 at 20 years, allowing 5 per cent. (the 
usual rate), would produce nothing; for the interest, or banker’s discount, 
would be just £100. And if it were not made payable till 40 years, the 
holder of it would have to give £100 to the banker to take it off his 
bands! The bankers’ principle, therefore, when applied to such long 
periods, is manifestly unjust and absurd; but as bills are generally made 
payable within a few months, the banker’s discount exceeds the true 
discount by no more than what may be considered a reasonable profit on 
the transaction. It must be remembered, too, that the discounter runs 
some risk, so that although long bills are apparently more profitable than 
short ones, yet bankers are less inclined to discount the former than the 
latter. 


(110.) BrokeraGEe, Commission, Insurance, &c. 


CoMMERCIAL and money transactions are seldom conducted 
on a large scale, except through the agency of a third party, 
who is paid so much per cent. for his services. The sum of 
money engaged in the transaction, and the agent’s per-centage 
being given, the whole allowance to the agent is, of course, 
computed in the same way as interest is computed, from 
which, indeed, it differs only in name, and in being generally 
free from considerations of time. If goods or merchandise be 
bought or sold through an agent or factor, the per-centage on 
the money is called Commission. If money be employed 
through an agent in discounting Bills, in the purchase of 
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Shares in a trading company, or in the public funds or 
Stocks ; or, if an agent dispose of such money interests for 
another, the per-centage he receives is called Brokerage ; 
and he himself is a Bill-broker, a Share-broker, a Stock- 
broker, &c. 

Insurance is the name given to what is paid to an In- 
surance Office, at the rate of so much per cent. on the value 
of property exposed to loss by Fire, Shipwreck, &c. The 
parties who agree to compensate for the loss, are the Jn- 
surers (or, in the case of ships, Underwriters, from their 
undersigning the agreement) ; the party protected is the Jn- 
sured ; the money paid for the protection, the Premium ; 
and the parchment, which binds the parties to the contract, 
the Policy. Life Insurance, or Life Assurance, is of a simi- 
lar nature: it secures the payment of a specified sum when 
the assurcd dies, upon his paying so much per cent. per 
annum on that sum during his life, or a sum down, equivalent 
to the annual premium. Whatever be the name given to 
the agent employed, or to the service performed, it is plain, 
that the allowance on a specified sum of money, at a specified 
rate per cent., can involve no calculations different from those 
which come under the head of Interest: a few examples, 
therefore, will be all that need be given here, special rules 
being unnecessary. 

Ex. 1. A factor sells £. 8 d. 
merchandise tothe amount 25,75 17 6 


of £2575 17s. 6d., and 20 
charges 4s. per cent. for —— £. 8. a. 
commission: how much is 1517 5)25 15 2 
to be paid him? 12 —— 

Here, the interest, or —— £5 3 Of Ans 
commission, at 1 per cent. 2,10 ————. 


is £25 15s. 2d.; therefore, 
that at 4s. per cent. is a fifth part of this, or 
£5 38. Odd. 

In such small perfentages it is not worth £. 8 
while to take account of the odd pence inthe 5)2575 17 
sales; so that dividing £2575 17s. by 5, for 
the } per cent., and disregarding the pence in 515 3 





the quotient, we may proceed as in the margin. 20 
In the next example, too, the 9d. may be — 
omitted in finding the broker's charge, which 3,03 


would be 148. 5d, . &&5 8s.== Commission. 
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2. How much money 








will purchase £575 10s. £. 8. £. 8 ad. 

Bank Stock, worth 1312 4)575 10 575 10 

per cent., and how much 8 182 14 5 

must be paid to the ————— 

Stock-broker,whocharges 4604 0 £758 4 5 

4 per cent., that is, 2s. 6d. 4 aa 

per cent., on the stock ————— 

purchased ? 18416 0 £8 ad. 
Here, to find the pur- 143 17 6*+2=,71 18 9 

chase-money, it is plain, §=£——_——— 20 

that we shall only have to 182,72 2 6 —— 

add to £575 10s., the in- 20 14,38 

terest of it at312 percert.: —- 12 

this interest will be best 14,42 — 

found by taking 32 per 12 4.65 

cent., and deducting | per == 4 

cent., as inthe margin: the 510 —~ 

purchase-money is thus 2,60 


found to be £758 48. 5d., and the broker's claim, 14s. 4d., 
which is } of £575 10s., divided by 100. 


Nore. Those who purchase stock, purchase nothing more than a claim 
to a certain amount of interest, payable half-yearly. Stocks are of 
different kinds, not only as to the names they bear, but as to the rate of 
interest paid to the purchaser. If stock yield a high rate of interest, it 
is proportionally dear; and more than £100 in money must be given for 
£100 stock, when the interest the latter yields is more than can be got 
for £100 in money. Although property in stock cannot be ¢aken out, it 
can always be sold out with but little trouble. The prices of stock, of 
whatever kind, varies from time to time, sometimes rising and sometimes 
falling, like other purchasable commodities; the fluctuations, however, 
are usually inconsiderable, except when the tranquillity of the country is 
in danger; funded property then becomes insecure, and stocks fall in 
proportion to the alarm. 


3. A cargo, worth £3800, is to be insured at 5 per cent. : 
for what amount must the insurance be effected, so that, in 
case all should be lust, the owners may recover both the 
value and the premium paid ? 

For an insurance for £100, a premium of £5 must be 
paid; this being deducted, leaves £95; so that an insurance 
for £100 can cover a logs of only £95: therefore, to find 
what insurance can cover a loss of £3800, we have the pro- 
portion, £95 : £100 :: £3800 : £4000, the amount to be 


* The half of this is 3th of £575 10s. 


COMPOUND INTEREST. 169 


insured. And in this way is the insurance to cover loss and 
premium always to be found; namely, as £100 diminished 
by the rate : £100 :: value of the property : the sum to 
be insured. If there be any other per-centage, as for com- 
mission, policy, &c., it must be deducted from £100 in the 
same way. 

Exercises. 

1, What is the commission on £3698 12s., at 34 per cent. ? 

2. If a person sell out £600 stock, when the price of it is 
832 per cent., how much will he receive after paying 
4 per cent. on the stock sold for brokerage ? 

3. What amount must be insured to cover £1880, together 
with the premium of £5 58. per cent., 5s. per cent. for 
the policy, and 4 per cent. for commission ? 

4. What amount must be insured on £1938 12s. 6d. at 52 
per cent., so as to provide also for the premium ? 

5. What is the commission on £876 5s. 10d. at 32 per cent.? 

6. What is the brokerage on £372 7s. 4d. at 4s. 6d. per 
cent. ? 

7. How much must be given for £912 14s. stock, at 1272 
per cent. ? 

8. Required the brokerage on the purchase of £11675 17s. 
stock, at 4 per cent. 

9. What will it cost to purchase £7391 14s. 9d. stock, the 
price being 864, and the brokerage 4 per cent. ? 

10. Find the expense of insuring a cargo worth £850, at 
£2 128. 6d. per cent., policy duty 5s. per cent., and 
commission 4 per cent. 


(111.) COMPOUND INTEREST. 


Att the preceding calculations respecting interest proceed 
on the supposition that the interest is actually paid when due. 
If, however, the interest be withheld for any time, then this 
interest so withheld becomes a new principal, and itself pro- 
duces interest. The whole interest thus accumulated in any 
time is called compound interest ; while that which arises 
solely from the original principal, and which has been the 
subject of the preceding articles, is, for distinction, called 
simple interest. An example will be sufficient to show you 
how compound interest may be calculated; but as the work, 
though made up of very easy and obvious steps, becomes 
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tedious and lengthy when £. 8. d. 
those steps are numerous, 20)550 0 OA 
tables have been contrived to 27.10 O int. Ist yr. 


save the labour. To these I re 

must refer you for expedi- 20)577 10 0 amount. 
tious calculation; but the 28 17 6 c. int. 2nd yr. 
example worked in the mar- 

gin, namely, to find the com- 20)606 7 6 amount. 
pound interest of £550, at 5 380 6 44c. int. 3rd yr. 
per cent., when the simple ——-—~ 

interest, which should be paid 20)636 13 104 amount. 


yearly, is withheld or for- 31 16 84¢. int. 4th yr. 
borne 4 years, will fully put —_——_—__—- 
you in possession of the mode 668 10 62 amount. 


of proceeding without tables. , 550 0 0 original prin. 
The simple interest for the ——_—_-_——— 

first year, computed in the 118 10 62 compd. int. 
usual way, instead of being ——_— 

paid, is added to the principal ; the amount is the principal 
for the second year, the interest of which is the compound 
interest of the original principal for the second year, and so 
on till the expiration of the 4th year, when the amount be- 
comes £668 10s. 62d., which, diminished by the original 
principal, leaves £118 10s. 63d. for the whole compound 
interest:—the same sum that we should get by adding the 
interest for the several years together. The simple interest 
of the proposed sum would be 4 times £27 10s., or £110; so 
that the difference is £8 10s. ~~ 


(112.) PROPORTIONAL PARTS. 


Many useful and interesting questions depend for their 
solution upon the division of quantities into parts, having 
specified ratios to one another. I shall here give you a short 
article on the mode of effecting this division. 


To divide a Quantity into Parts, such that any one Part 
shall be to another, as one given Number to another. 


Rute. As the sum of the given numbers, is to any one of 
them, so is the whole quantity to be divided, to the part cor- 
responding to that number. 
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For example: suppose it were required to divide £80 into 
three parts, that should bear to one another the same relations 
as the numbers 2, 3, and 5. The parts would be found as 
follows. 10 : 2 :: £80 : £16; 10: 3 :: £80: 24; 
10 : 5 3: £80 : £40. 

The required parts are therefore £16, £24, and £40 ; which 
together make up the £80, and which obviously bear the 
proposed relation to one another ; namely, £16 : £24 :: 2:8; 
£16: £40 3: 2:5; £24: £40 2: 38:5. It is scarcely 
necessary to tell you, that when all the parts but one are 
thus found by proportion, that one may be got by subtracting 
the sum of all the others from the whole. 

The principle of the rule can scarcely require any expla- 
nation to a person familiar with proportion: the swm of the 
parts of a quantity, and the swm of the parts of a number, 
are given; the subdivisions of the number are also known; 
and, since the whole of anything is to a part, as the whole 
of another thing to a dike part, the sufficiency of the rule is 
obvious. 


Exercises. 


1. Three traders, A, B, and C, contribute the following sums 
to the business: A, £500; B, £650; and C, £700: 
the year’s profits are £555. Required each person’s 
share of them. 

2. Gunpowder is composed of nitre, charcoal, and sulphur, 
thus: nitre, 76 parts; charcoal, 14; sulphur, 10: how 
much of each is used in 1 cwt. of gunpowder ? 

3. How much pure gold, and how much alloy, are contained 
ina guinea?’ (See p. 39.) 

4. Standard silver contains 37 parts of pure silver, and 3 
of copper: how much of each ingredient is there in 

/ £1 7s. 6d.; 1]b. troy being coined into 66 shillings ? 

5. 100 lbs. of pure water contain 88°9 parts of the gas called 
oxygen, and the remaining 11-1 parts of the gas called 
hydrogen: what weight of each is there in a cubic 
foot, or 1000 oz. of water ? 

6. A bankrupt owes A- £120; B, £80; and C, £75: he pos- 
sesses £165, which he is anxious to divide equitably: 
how much should each creditor receive ? 

7. Pewter is composed of 112 parts of tin, 15 of lead, and 6 
of brass: how much of each enters into the composition 
of 1 ton of pewter ? 

12 
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8. A person bequeathed in his will, £140 to A; 100 guineas 
to B; 80 guineas to C; £70 to D; and £60 to E: 
but, at his death, the whole amount of his property 
was but £311 15s.: how much of this should A, B, 
C, D, and E. receive ? 


(113.) THE CHAIN RULE. 


Tue Chain-Rule is a compendious rule for working ex- 
amples which involve several Rule-of-Three statings; and 
by which, questions in Compound Proportion may be other- 
wise briefly solved. The following is an example of it. 

If 3 lbs. of tea be worth 8 lbs. of coffee, and 5 lbs. of coffee 
worth 18 lbs. of sugar, how many lbs. of sugar should be 
exchanged for 20 Ibs. of tea? 

Here, by two simple statings, 


o 


3x5 





we have 8 lbs. coffec : 5 lbs. coffee :: 3 lbs. tea : 7 Ibs. tea; 
and ths. tea : 20 lbs. tea :: 18 lbs. sugar : woe lbs. 


sugar; but, by the chain-rule, the particulars would be ar- 
ranged thus: 

3 lbs. tea = 8 lbs. coffee, 

5 lbs. coffee = 18 lbs. sugar, 

how many \bs. sugar = 20 lbs. tea ? 

where no two commodities of the same kind occur in the 
same column; and then, by dividing the product of the num- 
bers in the complete column by the product of those in the 
column which the answer would make complete, the number 
8x 18x 20 


3X5 





which expresses the answer is obtained ; namely, 
= 192, .. 192 lbs. sugar is the answer. 


Exercises. 


1. If 3 lbs. of pepper be worth 4 lbs. of mustard, and 5 lbs. 

' of mustard be worth 12 lbs. of candles, how many 

pounds of candles should be exchanged for 20 lbs. of 
pepper ? 

2. If 5 lbs. of tea be worth 12 lbs. of coffee, and 9 lbs. of 
coffee worth 28 lbs. of sugar, and 13 lbs. of sugar 
worth 18 lbs. of soap, how many lbs. of soap may be 
had for 7 Ibs. of tea? 
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8, £1 sterling = 420d. Flemish, 58d. Flemish = 1 crown of 

Venice, 10 crowns Venice = 6 Venetian ducats, 1 ducat 

= 860 mervadies Spanish, and 272 mervadies = 1 

Spanish piastre: how many piastres = £1000 sterling ? 

The above rule is chiefly used in questions like this last, 

relating to exchanges with foreign countries; numerous ap- 

plications of it, to matters of this nature, are given in Kelly's 
Universal Cambist, vol. ii. 


(114.) DOODECIMALS. 


You already know that the common notation of Arith- 
metic is called the decimal notation, because the local value 
of every figure of a number expressed in that notation 
diminishes at a ten-fold rate, as it is removed from place to 
place towards the right. If the diminution were at a twelve- 
fold rate, the notation would be the duodecimal notation. 
In the measurement of lengths, the denominations feet and 
inches do actually descend in value, in this way :—an inch 
being the twelfth part of a foot; so that, for the purposes of 
Mensuration, it is convenient to have a duodecimal arith- 
metic, at least for the operation of multiplication. 

In the decimal notation, 16°38, means 16 16 8 
and 3 tenths: if these were twelfths instead 7 9 
of tenths, we might write the number thus: —————- 
16 3, leaving a gap between the two deno- 12 2 38 
minations; and, in multiplying this by any 113 9 
number in the same notation, it is plain, that —————— 
we may proceed just as with decimals, pro- 125 11 3 
vided we take care to carry teelves instead —— 
of tens: thus, to multiply 16 3 by 7 9, we 





should say, 9 times 3 are 27; 3, and carry 2 195 
twelves: 9 times 16 are 144, and 2 are 146; 93 ° 
which is 12 twelves, and 2: 7 times 8 are 21; — 
9, and carry 1: 7 times 16 are 112, and 1 are 585 


113: so that the product is 125, 11 twelfths 1755 
of one of the units in the 125, and 3 twe/fths 
of one of the units inthe 11. Ifwewereto 12)181385 
work by common arithmetic, we should, of 
course, get the same thing: thus, 16,3, x 74% = 12) 1511.3, 
425 x28; and this operation performed, as in 
the margin, gives the above result, namely, - 12514 


12534-+ yy of yy. 
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In our multiplicand, 16 3, above, the 16 might have been 
the number of feet in the length of a floor or wall, and the 3, 
the number of inches besides ; and the multiplier, 7 9, might 
have been, in like manner, the number of feet and inches in 
the width or height: the first principles of Mensuration 
show us, that the product, namely, 125 11 3, would be the 
number of square feet, twelfths of a square foot, and twelfths 
of a twelfth, that is, ,3,ths, or square inches, in the sur- 
face of that floor or wall. The twelfths of 
a square foot are called parts ; so that the . in 
measure of the surface in question would be 22 5 
125 sq. ft., 11 pts, 3 sq. in. Suppose, for 16 11, 
instance, it were required to find the measure 
of a ceiling, which is 22 ft. 5 in. long, and 138 8 
16 ft. 11 in. wide: a workman would com- 22 
pute the surface, as in the margin, using the 20 6 7 
number in the multiplier, connected with the ——————~ 
higher denomination, first, instead of second, 379 2 7 
as above; and he would thus find the surface ——————— 
to contain 379 sq. ft., 2 pts. 7 sq. in. (See the remarks at 


p- 62.) 





Exercises. 


Find the surface-measures from the following linear 
measures. , 

1. Length, 32 ft. 9in.; breadth, 8 ft. 3 in. 
2. Length, 20 ft. 6 in.; breadth, 17 ft. 9 in. 
3. Length, 65 ft. 10 in.; breadth, 29 ft. 6 in. 
4, Length, 97 ft. 9 in.; breadth, 16 ft. 6 in. 
5. Length, 75 ft. 9in.; breadth, 17 ft. 7 in. 
6. Length, 97 ft. 8in.; breadth, 8 ft. 9 in. 
7. Length, 59 ft. 6 in.; breadth, 3 ft. 11 in. 
8. Length, 87 ft. 5in.; breadth, 35 ft. 8 in. 

Examples such as these belong more properly to Men- 
guration. I give them here, as a conclusion to this Rudi- 
meutary Treatise on Arithmetic, in order that you may have 
a little experience, before commencing the subject just named, 
in what is commonly, but improperly, called the multiplica- 
tion of length by length, or by width; and, at the same time, 
be furnished with a practical illustration of the remarks at 
p- 62. 


10. 
11. 


12. 


13. 


14. 


15. 


16, 
17. 
18. 


MISCELLANEOUS EXAMPLES. 


. What decimal of a £ is £,23,, and what fraction of ao 


shilling is ‘625s. ? 


. What fraction of a half-crown is 2,J58. ? 
. What is the interest of £400 at 34 per cent. for 23 years 


and 59 days ? 


. What is the interest of £712 6s. for 8 months, at 74 per: 


cent. ? 


. Required the price of 73 lbs. 5 oz. 15 dwt. of silver, at 


58. 9d. per oz. 


. How much must be paid for the carriage of 8 cwt. 3 qrs. 


7 Ibs., if 10d. be charged for 1 stone of 14 lbs. ? 


. How many men will be sufficient to dig a trench 135 


yards long in 8 days, when it is known that 16 men 
can dig 54 yards of it in 6 days ? | 


. What is the price of 7985 articles at 7s. 104d. each? 
. What does the commission on £530 2s. 9d. amount to at 


28. 6d. per cent. ? 

What is the worth of £4563 10s. Bank Stock, at 1272 
per cent. ? 

If 5cwt. 3 qr. 14]bs. be bought for £9 8s., and sold for 
£11 18s. 11d., what is the gain per cwt.? 

If the prime cost of an article be at the rate of £4 16s. 
per cwt., how much per cwt. must it be sold at to pro- 
duce a gain of 15 per cent. ? 

What sum of money will produce as much interest in 
3} years as £210 3s. will produce in 5 years and 5 
months, at the same rate per cent. ? 

At the battle of Bunker Hill, in America, the roar of the 
cannon was s0 distinct at Hanover, 120 miles distant, 
that business was for a time suspended there ; how long 
was the sound in travelling ? 

A cjstern holding 400 gallons is supplied by a pipe at 
the rate of 7 gallons in 5 minutes, but a gallon leaks 
out every 3 minutes; in what time will it be full ? 

What is the least common multiple of 12, 26, 56, and 
182 ? 

At what time between 9 and 10 o'clock are the hour and 
minute hands of a watch exactly together ? 

Find the square-root of 29929, and the cube-root of 
228099131. 
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19. 
20. 


21. 
22. 
24, 


25. 
205. 


27. 
28. 
29. 


30. 


él. 


32. 


33. 


34, 


35. 


36. 


37. 


ARITHMETIC. 


Required the values of 2/78314 and ./£4. 

How long will it take to count a million, at the rate of 
100 a minute, for 10 hours a day? 

If 56\lbs. of bread be sufficient for 7 men 14 days, how 
much will serve 21 men 3 days? 

Find the values of 73°, 274, and 4£/5719140625. 


. If 202. avoirdupois cost $¢., what will $1b. cost ? 


How much Stock, at 1112 per cent., can be purchased 
for £10000 ? 

What decimal of 1 lb. avoirdupois is 7 drams ? 

What difference is there between the Banker's discount 
of £350, at 4 per cent., for 8 years, and the true dis- 
count of the same sum, for the same time, and at the 
same rate per cent. ? 

For what sum must an insurance be effected, in order to 
cover a loss of £3500, together with the premium of 
£3 8s. per cent. ? 

What is the interest of £51°425, at 4°125 per cent. ? 

What sum of money will produce £°35 interest in 12 
year, at 4 per cent. ? 

A Bill of £170 was due August 12, and left unpaid till 
Sept. 18, when £54 was paid: the balance remained 
till Oct. 17, when £56 was paid; and, finally, the 
whole was settled Nov. 14: how much interest was 
due at 5 per cent. ? 

How much sugar, at 444. per lb., ought to be given in 
exchange (in barter, as it is called) for 17 cwt. of 
cheese, at £3 108. per cwt. ? 

If 7 gallons of brandy be worth 9 gallons of rum, and 
9 gallons of rum worth 12 gallons of geneva, what is 
the price of a gallon of each separately, when the three 
gallons together cost £2 2s. 6d. ? 

What is the true present worth of £357 10s., due 9 
months hence, interest being 5 per cent. ? 

What are the values of ./274%,— ./9%3, and /g794— 
S24? : 

Required the values of */3 and 2/71 to six decimals. 

A person has but.£100 to pay the following sums; 
namely, to A, £48 158.; to B, £72 108.; and to C, 
£84 138. 4d.: what share ought to be paid to each ? 

If A can do a piece of work in 10 days that B can do in 
18, in what time can they do it together? 
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38. How many square yards are there in a piece of ground 
864 ft. 3in. long, and 62 ft. 6 in. wide ? 

3. What is the premium of insurance on £675 11s. 8d. at 
£5 138. 9d. per cent. ? 

40. Two persons, A and B, enter into partnership; the stock 
of A, £280, is employed for 5 months, and that of B, 
£266 138. 4d., for six months; the profits are £331 
12s. 6d.: divide them equitably.* 

41, Three persons, A, B, and C, trade in concert; A con-- 
tributes £89 5s. for 5 months; B, £92 15s. for 7 
months; and C, £88 10s. for 11 months; how should 
the profits, namely, £86 16s., be divided ? 

Multiply :1384786 by :288793 to as many places as can 
be depended upon; the last decimal in each factor 
being only approximately true. Also, divide 14 by 
‘7854, the last decimal being only approximately true. 

43. How much tin and copper is a bell of 150 lbs. composed 
of, there being in it three times as much copper as tin ? 

44, Proof spirits contain 48 parts of pure spirit, and 52 of 
water ; how much of each is there in 84 gallons of proof 
spirits ? 

45. At what rate per cent. will £956 amount to £1314 10s. 
in 74 years, simple interest ? 

46. If 3lbs. of tea be worth 7 lbs. of coffee, and 13 Ibs. of 
coffee worth 48 lbs. of sugar, and 15 lbs. of sugar worth 
28 lbs. of soap; how many-lbs. of soap are 6 lbs. of tea 
worth ? 

47. A guinea is given to be divided among four persons, A, 
B, C, and D, with the direction that A 1s to have 4; 
B, 4; C,1; and D, 2; but as this division is found to 
be impossible, find how the division must be made, so 
that each may receive his proper share. 


42. 


nN 


* This is the same as if A contributed 5 times £280 for one month, 
and B, 6 times £266 13s..4d. for one month; and in all questions of this 
kind, the sum contributed by each partner being multiplied by the num- 
ber of months it was employed, the shares of the profit must be propor- 
tional to the resulting products. In like manner, the interest of a sum 
to be paid in 5 months is the interest of 5 times that sum to be paid in 
1 month, and so on; so that if different sums are to be paid at different 
times, then if we multiply each sum by the number of months, or weeks, 
&c., which are to elapse before payment is to be made, and then divide 
the sum of the products by the sum of the bills, the quotient will be what 
is called the eguafed time in which all should be paid if they are paid a 
once. Examples 50 and 51 illustrate this principle. 

13 


178 ARITUMETIC. 


48. What is the net weight of 152 cwt. 1 qr. 3 lbs., 10 lbs. per 
ewt. being allowed for tare, and 2, of what remains for 
tret? See page 96. 

49. If the rents of a parish amount to £2340 17s. 6d., and a 
rate of £137 10s. 8d. be levied, what portion of it 
must be paid by an estate of which the rental is 
£143 98. 10d. ? 

50. A person engages to pay a debt of £2330 as follows: 
£630 in 5 months, £300 in 6 months, £500 in 7 
months, and the remaining £900 in 8 months; but he: 
afterwards proposes to pay the whvule in one sum; in 
what time should it be paid ? * 

51. Goods are purchased on the following conditions, namely, 
that £50 are to be paid on the Ist of May, £64 on the 
4th of June, £86 on the Ist of August, and £90 on 
the 5th of September ; when should these sums be paid, 
if all are paid at once ? 

52. A ship’s company take a prize of £4000, which is to be 
divided amongst them in proportion to their pay, and 
the time they have been on board. There are 6 officers, 
who have £6 a month each, and have been on board 
6 months ; 12 midshipmen, who have £2 a month each, 
and have been on board 4 months; 110 sailors, who 
have £1 10s. a month each, and have been on board 
3 months; what share of the prize must each receive ? + 


* Agreeably to what is said in the foot-note, p. 177, we should mul- 
tiply £630 by 5, £300 by 6, £500 by 7, and £900 by 8; but it is better 
to find how long after 5 months (the shortest of the periods) the whole 
payment should be made; as then the multipliers, instead of 5, 6, 7, and 
8, will be only 1, 2, and 3, applied respectively to the sums after the first. 

+ This question may be worked by the same principle as that employed 
in the solution of the two preceding questions, combined with the prin- 
ciple of art. (112). The claim of the 6 officers at £6 a month, is the 
same as would be the claim of 6 x 6 officers at £1 a month; and the claim 
of these for 6 months’ service is the same as would be the claim of 6 x 6 
x 6 officers fur 1 month’s service. And the learner will observe, that the 
mode of solution recommended in this and in the two preceding questions 
is only a modification of the double rule of three, combined with the rule 
for proportional parts. 
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A TABLE 


Of those Factors of the Composite Numbers from 75 to 10000, 
which fall within the Limits of the Multiplication Table. 

















No. Factors. No. Factors. No. Factors. 

75) 95 5 3 405 9 9 5 1029 7.77 -3 
98 7 7 2 432} 12 9 4 1056 | 1211 8 
105 7 5 3 441 9 7 7 1078 | 117 7 2 
112 8 7 2 448 8 8 7 1089} 1111 9 
125 5 5 5 462 {| 11 7 6 1125 9 5 5 5 
126 9 7 2 484; ll ll 4 1134 9 9 7 2 
128 8 8 2 486 9 9 6 1152} 1212 8 
135 9 5 3 495} 11 9 5 1155 | 11 7 5 3 
147 7 7 3 504 9 8 7 1176 8 7 7 3 
154; 11 7 2 512 8 8 8 1188} 1211 9 
162 9 9 Q 525 7 5 5 3){ 1215 99 5 3 
165 ll 5 3 528 1211 4 1225 77 5 5 
168 8 7 3 539} ll 7 7 1232} 11 8 7 2 
175 7 5 5 567 9 9 7 1296 | 1212 9 
176; 11 8 2 576 | 1212 4 1323 9 77 3 
189 973, 588 | 12 7 7 1331 | 11 11 11 
192 | 12 8 2 594); 11 9 6 1344 8 8 7 3 
196 7 4 605 | ll 11 5 1372 777 4 
198; 11 9 2 616] 11 8 7 1375 | 11 5 5 5 
216; 12 9 2 625 5 5 5 51] 1386; 11 9 7 2 
224 8 7 4 648 9 9 8 1408 | 11 8 8 2 
225 9 5 5 672}. 12 8 7 1452 | 12 11 11 
231 ll 7 3 675 9 5 5 314] 1458 9 9 9 2 
242/ ll ill 2 686 7 7 7 21 1485/] 11 9 5 3 
243 9 9 3 693; 11 9 7 1512 9 8 7 3 
245 a oe 704; 11 8 8 1536 8 8 8 3 
252; 12 7 3 726 | ll Il 6 1568 8 7 74 
256 8 8 4 729 9 9 9 1575 9 7 5 § 
264} 11 6 4 739 7 7 5 81| 1584) 121211 
275; ll 5 5 756 | 12 9 7 1617} 11 7 7 8 
288; 1212 2 768; 12 8 8 1694 | ll Ill 7 2 
294 7 7 6 784 8 7 7 2 1701 9 9 7 3 
297 | 11 9 3 792 | 1211 6 1715 7778 
308} 11 7 4 825! 11 5 5 3] 1728} 12 12 12 
315 9 7 5 847; ll ll 7 1764 9774 
324 9 9 4 864; 12 9 8 1782; 11 9 9 2 
336; 12 7 4 875 7 5 5 5 | 1792 8 8 7 4 
343 777 882 9 7 7 21) 1815] 1111 5 3 
352; 11 8 4 891; 11 9 9 1848 | 11 8 7 38 
363 | ll ll 3 896 8 8 7 2] 1875/5 5 5 5 8 
375 5 5 5 3 924; 1211 7 1925; 11 7 5 8 
378 9 7 6 945 9 7 5 341936; 1111 4 4 
384 8 8 6 968 | 1111 8 1944 9 9 8 3 
385} ll 7 5 972} 12 9 9 2016 9 8 7 4 
392 8 7 7 1008 | 1212 7 2025 9 9 5 5 
396; 11 9 4 1024 8 8 8 21] 2048 8 8 8 4 
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6468 | 1211 7 








2058 | 7 7 7 6/1 3872| 1111 8 4 7 
2079! 119 7 3 | 3888 9 9 8 6] 6534! 1111 9 6 
2112; 11 8 8 3| 3969] 9 9 7 7] 6561| 9 9 9 9 
21561 11 7 7 4/1 3993| 111111 31 6615/9 7 7 5 3 
2178 | 1111 9 2 4032 9 8 8 7 | 6655] 111111 5 
2187! 9 @ 9 3 | 4006 8 8 8 8] 6776] 11m 8 7 
2205; 9 1 7 5/1 4116| 12 7 7 71 6804} 12 9 9 7 
2268 99 7 4/4125 11 5 5 5 3] 6960 10 7 7 7 2 
2304| 9 8 8 4/4158] 11 9 7 6] 6875/11 5 5 5 5 
2352| 8 7 7 6 || 4224) 11 8 8 6] 6912} 12 9 8 8B 
2376/ 11 9 8 3] 4235} 1111 7 51] 7056/9 8 7 7 2 
2401; 77 7 7/4312) 11 8 7 7/7128] 11 9 9 8 
2464/ 11 8 7 4/4356] 1111 9 4] 7168/8 8 8 7 2 
2473 11 9 5 5/4374! 9 9 9 6] 720317 7.7 7 3 
2541| 1111 7 3! 4375/7 5 5 5 5 7392| 1211 8 7 
| 2592 9 8 4] 4455/ 11 9 9 5] 7425/11 9 5 5 3 
}2625|7 5 5 5 3/4536; 9 9 8 7] 7546/11 7 7 7 2 
2646 7 7 61 4608| 9 8 8 81 7560| 1210 9 7 
2662 | 111111 2] 4704] 12 8 7 7/1 7623) 1111 9 7 
2673 | 11 9 9 3| 472519 7 5 5 3) 7744) 1111 8 8 
2688! 8 8 7 61 4752} 11 9 8 61 7976! 12 9 9 B 
2695 | 11 7 7 5 | 4802/7 7 7 7 2) 787519 7 5 5 5 
2744| 8 7 7 74) 4851) 11 9 7 7/1 7938/9 9 7 7 2 
2772| 11 9 7 4/| 49298! 11 8 8 7]| 7986] 111111 6 
2816! 11 8 8 4/1 5082/ 1111 7 6{ 8019| 11 9 9 9 
2835/ 9 9 7 5115103/ 9 9 9 71 8064/9 8 8 7 2 
2904 | 1111 8 3/1514517 7 7 5 3 8085/11 7 7 5 3 
2916; 9 9 9 415184] 9 9 8 8] 8192/8 8 8 4 4 
3024 | 9 8 7 6| 5292) 12 9 7 7/1 8232'/8 77 7 3 
3025 | 1111 5 5 | 5324] 111111 4/8316) 1211 9 7 
3072} 8 8 8 6] 5346/ 11 9 9 6|\ 8448| 1211 8 8 
30871 9 7 7 7/1 5376| 12 8 8 71] 8505/9 9 7 5 3 
312515 5 5 5 5/5445| IL1l 9 51 9575177 7 5 5 
3136; 8 8 7 7 | 5488;8 7 7 7 2 8624/11 8 7 7 2 
3168 | 11 9 8 4/5544! 11 9 8 7/8712] 1111 9 8 
32341 11 7 7 611562519 5 5 5 5i 87481 12 9 9 Q 
3267 | 1111 9 3/5632} 11 8 8 8| 9072/9 9 8 7 2 
337519 5 5 5 3/5775 (11 7 5 5 3] 9075 1111 5 5 3 
3388 | 1111 7 415808} 1111 8 6/1 9216/9 8 & 4 4 
3402} 9 9 7 61 5832} 9 9 9 8192119 77 7 3 
3456| 9 8 8 615929} 1111 7 719317] lL JQ 7 
3465 | 11 9 7 5 || 6048| 12 9 8 71 937515 55 5 5 3 
33281 9 8 7 711607519 9 5 5 31 9408/8 8 7 7 3 
3564 | 11 9 9 4 (|| 6125.17 7 5 5 519504) 1211 9 8 
3584 8 8 8 71 61441 12 8 8 81960417 77 7 4 
36451 9 9 9 51617419 7 7 7 «Qi 9625/11 7 5 5 5 
367517 7 5 5 31 6237/1 11 9 9 7/ 9702111 977 2 
3696 | 11 8 7 6 6272/8 8 7 7 29801) 1111 9 9 
3773 | 11 7 7 7/6336] 11 9 8 8 || 9856 


= 
ie 9) 
3 
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ANSWERS TO THE EXERCISES. 





NUMERATION (pp. 4 and 5). 


. Two thousand, seven hundred and sixty-three. Thirty- 
five thousand, one hundred and sixty-two. Forty- 
five thousand, two hundred and eighty. 

. Fifty-six thousand, one hundred and six. Eighty-two 
thousand, and thirty. Nine hundred and ten thou- 
sand, two hundred and fifty-seven. 

- One hundred and seventy-three thousand, and four. Six 
million, seven hundred and eighty-nine thousand, five 
hundred and twenty-three. | Three million, four hun- 
dred and eighty-six thousand, and twenty-five. 

. One million, one hundred and forty-two thousand, and 
sixty. One million, one hundred and ten thousand, 
one hundred and eleven. Four million, three hundred 
and sixty-two thousand, eight hundred. 

. Sixty-four million, three hundred and seventy thousand, 
two hundred and fifty-three. Ninety-nine million, 
eight hundred and seventy-four thousand, and sixty- 
two. Thirty-five million, six thousand, two hundred. 
. Seventy-three million, eight hundred and ninety-two 
thousand, five hundred and thirty-one. Eight hun- 
dred and seventy-five million, sixty-two thousand, and 
thirty-five. One hundred and seven million, nine 
hundred and twenty-six thousand, five hundred. 

. Seven thousand five hundred and thirty-nine million, 
three hundred and thirty-six thousand, two hundred 
and ten. Three hundred and twenty-six thousand 
nine hundred and seventy-two million, five hundred 
and seventy-three thousand, nine hundred and seventy- 
one. Four hundred and fifteen thousand, eight hun- 
dred and sixty-two million, three hundred and fourteen 
thousand, two hundred and three. 

. Seven hundred and thirty thousand two hundred and 
fifty-four million, sixty-two thousand, eight hundred 
and ten. One hundred and seventy-three thousand 
and four million, two hundred and two thousand, six 
hundred and four. Five hundred and two thousand 
one hundred and thirty million, sixty-five thousand, 
and eighty. 


182 ARITUMETIC. 
(Pages 4, 5.) 
1. 1760. 5. 312500. 9. 1155240. 
2. 546000. 6. 1177580. 10. 1314176. 
3. 2000000. 7 109915. 11. 6007944. 
4. 621865. §. 505107. 12. 20936468. 
ApvDpITION (pp. 7, 8, 9). 
1, 541. 2. 409. 3. 4641. 4. 12485. 
5. 47115. 6. 797527. 7. 7581522. 8. 127297. 
9. 11812. 10. In 1841, 18664761; in 1851, 20936468. 
11. 518277. 12. 144 days; 6169016 visits. 13. 580347. 
14. Newspapers, 593; advertisements, 2252550. 
SuBTRACTION (pp. 12, 13, 14). 
1. 471 and 1628. 2. 35891. 3. 10105 and 701208. 
4. 103949, 5. 8888. 6. 1698069. 
7. 82. 8. 1659330. 9. 965574. 
10. 2271707. 11. 10892. 12. 877744. 
13. 803899 pounds. 14. 9321416. 15. 203 pounds. 
16. 2870784. 17. 21811085 pounds. 
18. Born, 283001; died, 219052. 19. 10131. 
20. Nothing. 21. 415539. 
MULTIPLICATION (pp. 18, 19). 
1. 1026. 2. 19044. 3. 35325. 4. 484344, 
5. 7976563. 6. 3276. T. 601604512. 
S. 101904804408. 9. 7801178441640. 10. 49906. 
11. 585914.* 12. 365000. 13. 269195. 
14, 2250 and 7875. 15. 12375. 16. 86879544. 
* (Pages 24, 25.) 
1. 114361. 2. 5381786. 3. 2101120. 4. 471854788. 
5. 478491860. ~. 6. 2288575200. 7. 51947970000. 
8. 16064348846. 9. 158787670242500. 
10. 34141125200427. 11. 56604636. 
12. 3024. 13. 759746144, 14. 94902500 miles. 
15. 1238525174. 16. 427816 pounds. 17. 3486. 
18. Gross earnings, 1177414 pounds; net earnings, 442157 








pounds. 


* The daily average stated in the question is taken from ‘* The Com- 
panion to the Almanac for 1852;’’ but it is too great: the true daily 
average was 86379. See Ex. 11, p. 8. 


ANSWERS TO THE EXERCISES. 


183 


Division (pp. 29, 30). 





1. 7444. 2. 120133. 8. 156045. 

4, 2507974. 5. 57882338. 6. 1034602.5. 
7. 899336,4. 8. 664594. 9. 1246243. 
40. 7048. 11. 80651704. 12. 86379. 
13. 1628948. 14. 124373 pounds. 15. 1034280. 
16. 1556442 pounds. s 

(Pages 35, 36.) 

1. 521%. 2. 47082. 8. 350084. 

4, 14348478, 5. 11229232, 6. 149801525, 
7. 2602208. 8. 203,3551., 9, 22434504, 
10. 342g3997, 11. 22724287, 12, 314302}403, 
13. 1662 pounds. 14. 3846. 15. 13209. 

16. 7727. 17. 783, nearly. 18. 62 times, nearly. 

ReEpDvcTIon (pp. 47, 48). 

1. 207809d. 2. 381907 f. 3. 525600. 

4. 662. 5. 35459. 6. 8550. 

7. 838724. 8. 33880. 9. 8254. 

10. 6624 qts. 11. 3411520 Ibs. 12. 11474 lbs. 
13. 432000 lbs. 14. 1254400 0oz., 6272000s.* 

15. 288. 16. 38016. 17. 91476. 

18. 1728000 qts. 19. 23rd Jurie. 20. 81998. 

(Pages 51, 52.) 

1, £27 11s. 114d. 2. 225m. 4 fur. 26 per. 1 yd. 
3. Th. 57m. 15 sec. 4. 2lb. 20z. 16 dwt. llgr. . 
5. 78t. 15 cwt. 1 qr. 4 1b. 6. 1539 yds. 1 qr. 3 na. 

7. 266 ac. 2 roo. 17 po. 8. 21 sq. yds. 2 ft. 64 in. 

9. 12500 gal. 10. 36° 48” 50”. 

11. 2c. yds. 3 ft. 1504. 12, 44+. 12 cwt. 3 qrs. 12 Ib. 


13. £650. 14. £30166 108. 2d. 

15. 13d. 344 ho. 16. 39 d. 1938 ho. 

17. 200 t. 0 ewt. 2 qrs. 25 Ibs, 18. £132546 1s. 6d. 

19. 3 ho. 3 min. 20 sec. 20. 1961 t. 5 cwt. 20 Ib. 

21. 2603 c. yds. 10d ft. 22. 10d. 4h. 4m. 48., the gal. wnp. 
23. 4240. 24. 108. 


* The reported weight was stated to be ‘‘ about 35 tons;’’ but this 


estimate was too great. 


See the answer to Ex. 24, p. 107, 
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ApbpITION oF ComPouND QuANTITIES (pp. 54, 55). 


. £38 11s. 73d. 

. £1571 lie. 64d. 
- 140d. 19h. 34m. 
. 69 1b. 3oz. 9dr. 

. 112ewt. 1qr. 26 lb. 13 0z. 10. 
- 8702. 6dwt. 

. 23dr. Osc. 8 gr. 
. 34 \b. 0 oz. 3dr. Ose. 17 gr. 16. 
. 23 fur. 25 po. 4 yd. 
. 405 ac. 2 roo. 0 per. 12 yds. 

- 918 ac. 1 roo. 16 per. 94 yds. 


2. 
4. 
6. 
8. 


12, 
14. 


18. 


£568 16s. 144d. 

100d. 7h. 19m. 

485d. 3h. 14m. 298. 

71 ewt. 1 qr. 22 lb. 

44 oz. 1 dwt. 5 gr. 

62 lb. 40z. 8 dwt. 16 gr. 
38 oz. Odr. 1 sc. 

548 yd. 1 ft. 2 in. 

425 m. 3 fur. 34 po. 4 yd. 


SUBTRACTION OF CoMPoUND QUANTITIES (pp. 56, 57, 58). 
2. £206 12s. 8}d. 


. £15 148. 81d. 

. £2283 10s. 81d. 

. 67d. 21h. 46m. 

. Tayd. 1 ft. 5 in. 

. 12 per. 5 yds. O ft. 2 in. 
. 8° 36’ 49”. 

. dd. 22h. 43m. 34 sec. 
. 6t. Lewt. 1 qr. 13 lbs. 
. 75m. 0 fur. 15 per. 2g yes 
. 15m, 2 fur. 34 per. 24 

- 101 m. 1 fur. 27 per. sdris 
. 58 ac. 2 roo. 22 per. 254 
- 6ac. Oroo. 29 per. ee 
. 2roo. 33 per. 154 yds. 

. llb. 50z. 14 dwts. 16 gr. 
. 38 c. yds. 26 ft. 1697 in. 
. 815c¢. yds. 4 ft. 1547 in. 

. 201 sq. yds. 8 ft. 122 in. 
- Sgal. 1 qt. 1 pt. 

. 684 gal. 2 qts. 1 pt. 

. 5bu. 0 pk. 0 gal. 2 qt. 


23. 
25. 
27. 
29. 
31. 
33. 

35. 
37. 





. 6d. 19b. 58m. 

. 16h. 32m. 32s. 

. 188 yd. 1 ft. 9in. 

. 5° 83! 54”, 

. 28° 54’ 47”. 

. dt. 16 cwt. 1 qr. 20 Ib. 
. 1t. Sewt. 2 qrs. 3 1b. 


10 oz. 18 dwt. 6 gr. 

5 lb. 002. 7 dwts. 13 gr. 
63c. yds. 20 ft. 1591 in. 
85 aq. yds. 3 ft. 32 in. 
306 sq. yds. 4 ft. 83 in. 
1708 gal. 1 qt. 

1 bu. 0 pk. 1 gal. 

15 bu. Lpk. 0 gal. 3 qt. 


MULTIPLICATION OF CoMPOUND QUANTITIES (pp. 60, 61). 


2. £348 lle. 2d. 
4, £2397 68. 53d. 
6. £550 16s. 3d. 
8. £16560 le. 6d. 


1. 
3. 
5. 
7. 


£162 28. 8dd. 
£1507 168. 3d. 
£6614 162. 92d. 
£7372 Te. 14d. 
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9. £92293 138. 62d. 10. £614350 108. 33d. 
11. 1153 m. 6 fur. 4 per. 3 yds. 
12. 1760 m. 7 fur. 29 per. 3 yds. 
13. 5945 m. 0 fur. 29 per. 4 yd. 14. 496m. 5 fur. 2 per. 
15. 1019 m. 3 fur. 5 per. 16. 26677 m. 4fur. 10 per. 5 yd. 
17. 8631d. Oh. 48m. 458. 18. 3907° 45’ 201”. 
19. 3567 t. 4ewt. lqr. 13 1b. 20. 7080 a. 2 roo. 7 po. 
21. 1679 sq. yds. 7 ft. 129 in. 22. 6095 0z. 14 dwt. 19 gr. 





Division or Compounp QUANTITIES (pp. 64, 65, 66).* 


1. £18 128. Odd. 2. £16 19s. 644d. 

8. £16 le. 8d. 4. £1 9s. 84d. 

5. £4 128. 11d. 6. £3 1s. 41d. 

7. 3qrs. 5 lb. 2 oz. 8. 74m. 7 fur. 9 po. 1 yd. 

9. 1° 1’ 48”. 10. 2d. 19h. 839m. 268. 
11. 16 ac. 3 roo. 39 per. 27 yds. 8 ft. 


In the following answers the complete quotients, including 
the fractional part in each case, are inserted. 





12. 5328, 13. 123439, 14, 329793, 

15. 639599, 16. 13447. 17. 15$822, 

18. 64828, 19. 5882, 20. £46 148. 6d. 
Q1. £5417 Qs. 43d. +225 22. 4d. 

23. Total, £93 0s. 33d.; share, £23 5s. 02d.4+23/7. 

24. 16 dwt. 13.8; gr. 25. 18274334, and 144 gr. over. 


26. £1216796 17s. 6d. 27. 48. 64d. +522, f. 

28. Weight, 8541 lb. 80z. troy; height, 10 times the Monu- 
ment, and 638 ft. 4 in. more. 

29. £1869 12s. 94d. 30. 108 lb. 6 oz. 1 dwt. 16 gr. 

31. Weight of sovereigns, 51094 lb. 100z. 3dwt. 21 gr.; 
weight of pure gold, 46845 lb. 6 0z. 19 dwt. 17 gr. 





Repvucrion oF Fractions (p. 70). 


1. 4, 2. 123, 8. 11,5. 4, 122.2,, 
5, 8448, 6. 259s 7. 84882, 8. 402, 


8 
* In these answers fractions of a farthing are neglected ; and in general, 
fractions of the lowest denomination, inserted in the answer, are sup- 
pressed. This is done, because the fractions up to Ex. 12 are too 
insignificant to deserve notice. They are given however in the Key. 
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Common Denominator (pp. 72, 74). 


1. 48) 4h ao- 2. 48, 34, 24. 

3. $28) sis Sit: 4. Ht HS He 

5. Sb%> oo Sos" 6. Bio Td 1 

7. Pitto wrtko r'sve i's 8 £33, 88 $35; 

9. $28, 29d 40> das: 10. S79 stn sata aoe 
11. $34 $8 Sth 33 12. Yio rreo 1i60 T980 
13. £, 3, %. 14. $0, 27, 35 

15. 23% tis wes: 16. oy d 3 

17. soe Yo's o's 18. $3, stn ate 

19. x'g) tos vm Ts" 20. $9 Bo to 3d 

21. 35: 3d Sb: 38: 22. sg 38) Se ‘se: 

23. 2445, va vm ve 24. 345 78 15 +e 





ADDITION OF Fractions (p. 76). 


1. 14435 2. Ite. 3. 1293. 4. 692, 

5. 64. 6. 1449. 7. 862. 8. 1293, 
9. 4347, 10. 58285. 11. S855 12. BeBe. 
13. 19478. 14. 828878. 15. 5922, 16. 74838. 





SuBTRACTION oF Fractions (pp. 76, 77). 








ie Ie 2. 138. 3. 42. 4 aos 
5. 34, 6. 85. 7. 43. Baal, 
9. 22, 10. 2,89. 11. 23. 12. ats 
13. 283, 14, de 15. 1382. 16. — 
17. 63425. 18. 132. 19. 49%. 20. eM 
21. 1042. 22, 28, 23, 288. 24, 2473, 
MULTIPLICATION OF Fractions (p. 80). 
tt 2. 1039. 3. aly: 4. $9. 
5. Baily. 6. 128. 7. 12034. 8. 34724. 
9. 1428. 10. 12%. 11. 108. 12, 2987, 
13, 8424. 14. 2042. 15. 44. 16. 344. 
Division oF Fractions (p. 81). 
, 1 Ite 2. 122. 3. 244. 4, $2, 
5. 4. 6. 504. ote 8. 443. 
9. $9. 10. 22. 11. 198. 12. 349. 


* This means that the subtractive quantities erceed the additive 
quantities by 4. 
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(Page 83.) 
eee 2.24. 7 Sid 4, Py. 
5. 24. 6. ik. 8. 4s. 
9, B58, 10. bA8Z5. i 5. 12. 2. 
13. 42, 14, 288. 15. gi ors., 





MULTIPLICATION AND DIVISION oF CoNCRETE QUANTITIES 


(p. 85). 
1. £160 68. 7dd. 2. 198. 53d.+45,f. 
8. £658 0s. 111d. +2. 4. 7 miles, 28¢fur. (It should 
5. 188. 444.+ $7. have been rides.) 
G6. A, £178 Lis. 54d.; B, £138 178. 94d.; C, £307 108. 934d. 
7. £1549096 17s. 6d. 8. £375. 
9. 8758.. 10. 49d. 4h. Om. 4948, sec. 





Greatest Common Measure (pp. 88, 89). 








3. 2520. 


3. 3. 4. 17. 


6. It is already in its lowest terms. 


10. 18 rods. 


. Price, per acre, £19: number of acres bought by A, 17; 


12. 80. 


4. 1200. 
7. 232792560. 


96, 97). 

£159 48. 4d. 
£512 138. 114d. 
£733 Os. 14d. 
£1328 1s. 114d. 


. £1442 19s. 104d. 
. £4149 5s. 114. 
. £3 198. 10d. 

. £35 138. 32d. 

. £23 11s. 3d. 

. £426 128. ld. 


1. 19. 2. 17. 

5. 97. 

7. 293, 8. 243. 
9. No common measure. 

11 

by B, 24; and by C, 29. 
Least Common Multiple (p. 91). 
1. 360. 2. 81. 
5. 7560. 6. 10540068. 
PRACTICE (pp. 

1. £104 108. 6d. 2: 
3. £440 15e. 1d. 4, 
5. £224 38. 2dd. 6. 

7. £541 18s. 93d. 8. 

9. £2794 198. Old. 10 
11. £2353 2e. ld. 12 
13. £3 148. 23d. 14 
15. £84 0s. 94d. 16 
17. £1 7. 11dd. 18 
19. £18 98. 5d. 20 
21. £4 188. 24d. 22 


. £4989 08. 104d. 
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93. £176 16s. 8d. 24. £424800 19s. 
25. £13851952 138s. 26. £54 128. (stone= 8 lb.) 
27. £205 19s. 6d. 28. £76 lle. 3d. 


29. Reduction per cwt., £2 3s.; per stone, 38. 03d. 
80. £12763133 16s. 11d. 





Rvs oF THREE, oR Srmp_E Proportion (pp. 106, 107). 


1. 158. 8rd. 2. £23 198. dd. thf. 

8. £7 11s. 73d.4+49f 4. 48 persons. 

5. 400. 6. 63 oz. 

7 £5 11s. 62d.+3/.* 8. £9 1838. 

9. £23 10s. 93d. 10. 270. 

11. £4240. 12. 129478. 

13. 46328. 14. 1402. 11 dwt. 16 gr. troy. 
15. 10 1b. avoir. 16. 5min. 27,5, sec. past 7 o'clock. 
17. 27min. 164,sec. past 5. 18. 72,8. 

19. £31 58. 72d. 20. 21b. 8.84, o7, 

21. 14,8 miles. 22. £767. 

23. 30z. 7 dwt. 64% gr. 24. 30 tons 12 cwt. 273 1b. 





Dovsie Rute or THREE, oR Compounp PRoporti10n 
(pp. 111, 112). 








1. 20 horses, 2. 173%, days. 3. £1 48. 
4. 125 reams. 5. 43} days. 6. 56 days. 
7. 3b. 8. £72. 9. £39 5s. 1dd. 
10. £16 108. 
Repvuction oF Fractions to Dectmas (p. 117). 
1. °4375. 2. ‘078125. 3. ‘336. 
4. °372. 5. 0064. 6. °00448. 
7. °*5375. 8. 005541. 9. 6857143. 
10. °51282. 11. *733333. 12. °9. 
ADDITION AND SUBTRACTION oF DecimaLs (p. 118). 
1. 279°385. 2. 6343°4214. 3. 368°82, 
4. 105°5928 5. 1°2949. 6. 296°6108. 


* Although fractions of a farthing are introduced into some of these 
auswers, the learner need not take any account of them. 
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MoLtTIPLicaTION oF DEcmmaLs (p. 119). 





1. 209°226285. 2. 134°70368. 3. 114192. 
4. :002736. 5. °000000777. 6. °0552762. 
7. (00058128. 8. 13°44. 9. °4578384384. 
10. °0393696. 11. 574°056. 12. 0000896. 
13. 195°2533006056. 14. 21°8630035575. 
Contracted MoutipticaTion (p. 125). 
1. 1308°0037. 2. 482°554. 3. 54°4442.* 
4. 105°928788. 5. 350 6. 590°324. 
7 1°686659. 8. 002517. 9. 235°104. 
10. -34028 
Division oF DeEcimats (p. 129). 
1. 213°728. 2. 168°448. 3. 320°988. 
4. °066. 5. 7°845. 6. 34097°027. 
ContractED Division (p. 132). 

1. 6°598. 2. 4343°91. 3. *00429. 
4. 7°845. 5. 14°31. 6. 1°1715. 
7. 5°348. &. 1624°7. 9. °865256. 
10. ‘000156. 11. 71,00000.t 12. °0403. 
13. 196°8. 14. °09547766. 15. 1°684479. 
1G. 1°196. 17. °2645653., 18. 18°28. 
19. 93°54286. 20. °098135. 21. 5°348306. 


22. °0981354. 23. :0042913, and :040266. 
24. 52°486. 


* If this product bad been computed to five places, and then the fifth 
decimal rejected, the result would have been 54°4444, which is the more 
accurate one. In the answers which follow, the extra decimal will always 
be computed for, and then rejected ; as recommended at p. 126. 

t+ The quotient here is 7 million 1 hundred thousand,—this 1 being 
true to the nearest unit; that is to say, it is nearer the truth than a 0 or 
a 2 would be in its place. Of the following figures we can infer nothing, 
since the final decimal 4 of the divisor is confessedly affected with error. 
The quotient therefore can only be approximated to as far as the two 
leading figures of it are concerned. The decimals in the curtailed divisor 
must be extended U@fore the figures, replaced above by 0’s, can be found. 
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Application of Decimals to Concrete Quantitics 
(pp. 134, 135). 


1. 15 poles. 2. 8° 87’ 428”, 

3. 9cwt. 1 qr. 4. 54d. 

5. £1 168. 63d. 6. 502. 12 dwt. 15°744 gr. 
7. £19°86354. 8. °0020307. 

9. °0375. 10. °2422419, 

11. 1002. Odwt. 02 gr. 12, £4 148. 82d.4if. 

13. 7s. 244.44. 14. 34, and 817,. 


15. 12h. 44m. 2°86868 sec. 16. 7912°3 miles. 
17. 27747,00 miles, the figures that would replace the 0’s 
are not to be depended on. 


18. £1. 19. 198. 42d. 

20. £5 16s. 3d. 21. 3lac. 2roo. 14:736 per. 
22. £47 Gs. 4°154d. 23. 48. 8°3108d. 

24. °022191. 





Recurring Decrmats (p. 138). 


135 = 55. 2°418 = 223. 5925 = 528, 
00449 = +22. 3°7569 = 3,842. 621-621 = 62123. 


02439 = J, 857142 = $, 1:0378 = 1,44. 
-008497135 = <h3>. 





EXTRACTION OF THE SquaRE Root (p. 148). 


1. 5°637566. 2. 10°7876607. 8. 5688645. 

4, 8°316625. 5. 687°936. 6. 1°73205081. 
7. 950625. 8. 1910497817. 9. 5*692. 

10. 027. 11. 28-0067. 12. 88985. 

13. 8:290717701. 14. 5¢. 15. 10}. 

16. 4°16883. 17. 3°952847. 18. 28°18155425. 
19. 5:9049, 20. 2°7664333. 


EXTRACTION OF THE CusE Roor (p. 154). 


1. 97. 2. 375. 3. 276. 
4. 4321. 5. 7485. 6. 19°86228. 
7. 4°867132, 8. 93°7. 9. 42°7839. 


10. 23°11204. _ 11. 4°97938386. 1% 2°0800838238. 
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INTEREST, &c. (pp. 162, 163). 


. £245 138. 4d. 2. £72 16s. 3. £3 8s. Odd. 
. £16 48. 104d. 5. £3 18. 23d, 6. £68 15s. 94d. 
. £123 5s. 6d. 8. £6825. 9. 4 years. 
44. 11. £23 le. 83d. 12. 5°236 nearly. 
12°17. 14. 20,3, nearly. 





Discount (pp. 165, 166). 


. £1251 11s, 1d.* 2. £216 15s. 9d. 
. £554 128. 4d. 4. £1548 19s. 9d. 
. £38 188. 6d. 6. £149 Os. 7d. 

. £9 16s. 





BroKERAGE, CoMMIssion, INsuRANCE, &c. (p. 169). 


. £129 9e. 2. £499 10s. 

. £2000. 4. £2056 17s. 11d. 
. £32 178. 24d. 6. 16s. 9d. 

- £1165 198. 6d. 8. £14 11s. 104d. 
- £6384 128. 3d. 10. £28 16s. 3d. 





PRopoRTIONAL Parts (pp. 171, 172). 


. A’s share, £150; B's, £195 ;. C’s, £210. 
. Nitre, 85,3, lb. ; charcoal, 15421b.; sulphur, 114 Ib. 


Pure gold, 4dwt. 22$8 gr. ; alloy, 108 gr. 
Pure silver, 40z. 124 dwt.; alloy, 74 dwt. 
Oxygen, 8890z. hydrogen, 111 oz. 

A, £72; B, £48; C, £45. 


. Tin, 16 cwt. 3qr. 1058; 1b.; lead, 2 cwt. I qr. 022 b.; 


brass, 3 qr. 172; Ib. 


. A, £95 Is. 83d.4391 f; B, £71 6s. 34d.4124 ff; 


C, £57 1a. 04d. +89 f.; D, £47 10s. 1014.4 227 f ; 
E, £40 158. 01d. +83, f, 





Cuan Rove (p. 172). 
64 lb. 2. 72 2 Ib. 3. 5750889. 


* The results ate computed to the nearest penny, which is in accord- 
ance with commercial practice. 
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DvoprEcimaLs (p. 174). 
1. 270 sq. ft. 2 pts. 3aq.in. + 2. 363 sq. ft. 10 pts. 6 sq. in. 





3. 1942 aq. ft. 1 pt. 4. 1612 sq. ft. 10 pts. 6 sq. in. 
5. 1331 sq. ft. 11 pts. 3sq.in. 6. 854 8q. ft. 7 pts. 
7. 233 aq. ft. 6 sq. in. 8. 3117 sq. ft. 10 pts. 4 sq. in. 
MisceLLANEous Examptes (p. 175). 
1. £°02770449 and ge. 2. 2. 
3. £37 5s. 3d. 4. £35 12s. add. 
5. £253 10s. Od. 6. £2 18s. 9d. 
7. 80 men. 8. £3135 15s, 63d. 
9. 138. 3d. 10. £5829 17s. 5d. 
11. 88. 8d. 12. £5 10s. 43d. 
13. £350 52. 14. 9 hin. 23% sec. 
15. 6 ho. 15 min. 16. 2184. 
17. 10 min. 54,% sec. to 10 o'clock. 
18. 178 and 611. 19. 42°784 and °6918984. 
20. 16% days. 21. 36 lbs. 
22. 389017, 531441, and 275. 23. 17s. 6d. 
24. £8978 13s. 6d. 25. °02734375 lb. 
26. £27 38. Old. 27. £3623 3s. 9d. 
28. £2 Qs. 5d. 29. £5. 
30. £1 11s, Odd. 31. 28 cwt. 1 qr. 9} lbs. 
32. Brandy, 18s.; Rum, 148.; Geneva, 10s. 6d. 
33. £344 1le. 63d. 34. 238 and 5%. 


35. °793701 and 1°930979. 

36. A’s share, £23 13s. 6d.; B’s, £35 48. 2d.; C’s, £41 Qe. 4d. 
37. 544 days. 38. 60014% yds. 

39. £38 88. 52d. 

40. A’s share, £154 15s. 2d.; B’s, £176 17s. 4d. 

41. A’s share, £25 10s.; B’s, £37 28.; C’s, £24 4s. 

42. 038925 and 17°83. : 

43. Copper, 1124 lbs. ; tin, 374 lbs. 

44. Pure spirit, 40,8, gallons; water, 4344 gallons. 


45. 5 per cent. 46. 9622 lbs. 

47. A’s share, 88. 24,7.; B's, 58. 544d.; C's, 4a. lyid.; 
D's, 38. 353,d. 

48. 133 ewt. 1 qr. 12 lb. 49. £8 88. Tid. 

50. 6m. 2 w. 6 d. 51. July 14th. 


52. Each officer, £178 88. 94d. ; midshipman, £39 13s. 0fd.; 
sailor, £22 68. 1d. 
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